Mathematica 11.3 Integration Test Results

on the problems in the test-suite directory "6 Hyperbolic functions\6.3
Hyperbolic tangent”

Test results for the 77 problems in "6.3.1 (c+d x)*m (a+b tanh)*n.m"

Problem 3: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(c+dx) Tanh[e + f x] dx

Optimal (type 4, 57 leaves, 4 steps):

(c+dx)® (c+dx) Log[1+e?(®F¥] dPolyLog[2, -e? (e ]
2d " f i 2 f2

Result (type 4, 211 leaves):

c Log[Cosh[e+fx]] 1

_ _ ~-ArcTanh[Coth[e]] .FZ X2 N
f

e

dCschle]

1-Coth[e]?
iCothle] (-fx (-r+2iArcTanh[Coth[e]]) - rLog[1+e?f*] -2 (i fx+iArcTanh[Cothle]]) Log[1-e?* (*Fx:ArcTanhiCothlel]) |,

mLog[Cosh[fx]] +2iArcTanh[Coth[e]] Log[i Sinh[f X +ArcTanh[Coth[e]]]] + i Polylog[2, e** (1 fx-tArcTanh(Cothlel]) )

Sech[e}]/ (2152\/Csch[e]2 (-Cosh[e]?+Sinh[e]?) ) + 1dx2 Tanh[e]
2

Problem 7: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(c+dx)2Tanh[e+-Fx]2dlx
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Optimal (type 4, 88leaves, 6 steps):
(c+dx)2 (c:+dx)3 2d (c+dx) Log[1+e? ¥ ] d2Polylog|2, -e? (=¥ | (c+dx)2Tanh[e+-Fx}
- + + +

f 3d f2 £3 £

Result (type 4, 303 leaves):
lx (3¢ 3cdx.dx) 2cdSech[e] (Cosh[e] Log[Cosh[e] Cosh[fx] +Sinh[e] Sinh[fx]] - fxSinh[e]) .
3 2 (Cosh[e]? -Sinh[e]?)

1
[d2 Csch [e] |- e—Ar‘cTanh[Coth[e]] +—2 X2 N

1-Coth[e]?
iCothle] (-fx (-r+2iArcTanh[Coth[e]]) - rLog[1+e?f*] -2 (i fx+iArcTanh[Cothle]]) Log[1-e?* (* Fx+iArcTanhiCothlel]) |,

nLog[Cosh[fx]] +2 i ArcTanh[Coth[e]] Log[i Sinh[fx + ArcTanh[Coth[e]]]] + i Polylog[2, e?* (* Fx-iArcTanh(Cothiel]) 1) | Sech[e]

/

Sech[e] Sech[e+fx] (-c2Sinh[fx] -2cdxSinh[fx] -d?x?Sinh[fx])
.F

(f3 \/Csch[e}z (-Cosh[e]?+sinh[e]?) ) +

Problem 11: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(c+dx)3Tanh[e+fx]3dlx

Optimal (type 4, 237 leaves, 13 steps):
3d (c+dx)?  (c+dx)® (c+dx)* 3d?(c+dx) Log[1+e?(efx]
_ N _

2 f2 2f ad £ i
(c+dx)’Log[1+e?®f¥] 3d®Polylog[2, -e?(®f¥] 3d (c+dx)?PolyLog[2, -e? (¢ Fx ]
£ ' 2§ ' 22 .
3d? (c+dx) PolyLog[3, -e2 ¢*fX |  3d*>PolylLog[4, -e2 = f | 3d (c+dx>2Tanh[e+fx} (c+dx)3Tanh[e+fx}2
263 ' 4 i 2 f2 . 2

Result (type 4, 819leaves):
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ic d’e® (-2 x> (2e2*fx-3 (1+e2%) Log[1+e*® X ]) +6 (1+e2®) fxPolylog[2, -e? *F¥ ]| -3 (1+e2°) PolyLog|3, -e® ¢F¥ |) Sech[e]
43
lda'tee -x* <1+<e’ze> x4 - 1
4 2 £
e?® (1+e?%) (2F*x* -4 %% Log[1+e? ®F¥ ] _6f2 x> Polylog|2, -e? ¥ | + 6 fxPolylLog|3, -e® *F¥ | -3 Polylog[4, -e ¢ F¥])
(c+dx)35ech[e+fx]2 3 cd?*Sech[e] (Cosh[e] Log[Cosh[e] Cosh[fx] +Sinh[e] Sinh[fx]] - fxSinh[e])
Sech[e] + + +

2f 2 (Cosh[e]?-Sinh[e]?)
c3 Sech[e] (Cosh[e} Log[Cosh[e] Cosh[f x] + Sinh[e] Sinh[f x]] q‘xSinh[e})

f (Cosh[e]? - Sinh[e]?)

3d3 Csch[e] _e—Ar‘cTanh[Coth[e]] .FZ XZ 4 1

1-Coth[e]?
iCothle] (-fx (-m+2iArcTanh[Coth[e]]) - mLog[1+e?f*] -2 (i fx+iArcTanh[Cothle]]) Log[1-e?* (* Fx+iArcTanhiCothlel]) |,

nLog[Cosh[fx]] +2 i ArcTanh[Coth[e]] Log[i Sinh[f X +ArcTanh[Coth[e]]]] + i Polylog[2, e?* (* fx-iArcTanhiCothlel]) 1) | sech[e] /

1
(21‘:‘\/Csch[e]2 (-Cosh[e]? +Sinh[e]?) ) - |3c?dCsch[e] |-e™#rcTanh(Cothle]] £2 32

1-Coth[e]?
iCothle] (-fx (-r+2iArcTanh[Coth[e]]) - Log[1+e?f*] -2 (i fx+iArcTanh[Cothle]]) Log[1-e?* (*Fx+iArcTanhiCothlel]) |,

nLog[Cosh[fx]] +2 i ArcTanh[Coth[e]] Log[i Sinh[f X +ArcTanh[Coth[e]]]] + i Polylog[2, e?* (*fx+iArcTanhiCothlel]) 1) | sech[e] /

3Sech[e] Sech[e+fx] (c2dSinh[fx] +2cd?xSinh[f x] +d3x2Sinh[f X
(21‘2\/Csch[e]2 (-Cosh[e]?+sSinh[e]?) )— el e+ x] [ ]: [Fx] [Fx]) +
2f

1
=x (4t +6c?dx+4cd*x*+d>x*) Tanh[e]
4

Problem 12: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(c+dx)2Tanh[e+fx]3dlx

Optimal (type 4, 157 leaves, 9 steps):

| 3

+
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cdx d?x2 (c+dx)’ (c+dx)’Log[1+e?®FX] g2 og[Coshle+fx]]
+ +

£ 2f 34 f & '
d (c+dx) PolyLog[2, -e?(¢*fX) |  d2polylog[3, -e?¢f¥] d (c+dx) Tanh[e+fx] (c+dx)?Tanh[e+fx]?
‘F2

23 2 2f
Result (type 4, 465 leaves):

1

3d2 e® (-2 %% (2e’°fx-3 (1+e°®) Log[1+e*®™¥]) +6 (1+e°®) fxPolylog[2, -e®(*F¥ | -3 (1+e?®) PolylLog|3, -e®***¥ |) sech[e] +
12 f

(c erx)ZSech[eer“x]2 d?Sech[e] (Cosh[e] Log[Cosh[e] Cosh[fx] +Sinh[e] Sinh[fx]] - fxSinh[e])
+

+
2 f 3 (Cosh[e]?-Sinh[e]?)
) . i B .
c?Sech[e] (Cosh[e] Log[Cosh[e] Cosh[f x}.+51nh[e} Sinh[fx]] - fxSinh[e]) e dcschie] | e remmnicotnien g2 2, 1
f (Cosh[e]?-Sinh[e]?) 1_Cothle]?
iCothle] (-fx (-r+2iArcTanh[Coth[e]]) - Log[1+e?F¥]

-2 (i fx+iArcTanh[Coth[e]]) Log[1-e?* (* Fx+iArcTanhiCothlel]) |

nLog[Cosh[fx]] +2 i ArcTanh[Coth[e]] Log[i Sinh[fx +ArcTanh[Coth[e]]]] + i Polylog[2, e?* (* Fx-iArcTanh(Cothlel]) 1) | Sech[e]

/

Sech Sech f —cdSinh[f x] -d?xSinh[f
(fz\/Csch[e}z(—Cosh[e}2+sinh[e]2) )+ ech[e] Sech[e + f x] ( cdSinh[f x] x Sinh[ x}) 1

+ — X
£2 3

(3c?+3cdx+d?x?) Tanh[e]

Problem 13: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
j(c+dx) Tanh[e + f x]3dx

Optimal (type 4, 100 leaves, 7 steps):

dx (c+dx)® (c+dx)Log[1+e2©® )] dpPolylog[2, -e?(®f¥ | dTanh[e+fx] (c+dx) Tanh[e+fx]2
—_— - + + -
2f 2d f

: 2f

2 f2 2 f2
Result (type 4, 264 leaves):



6.3 Hyperbolic tangent.nb | 5

clog[Cosh[e+fx]] cSech[e+fx]? dxSech[e+fx]?

+ + -

f 2f 2f

1
—eArcTanhiCothle]] £2 52, ——————j Coth[e] (-fx (-m+2iArcTanh[Cothle]]) -

1-Coth[e]?
nlog[1+e®¥| -2 (ifx+iArcTanh[Coth[e]]) Log[1-e?* ! FxiarcTanhiCothlel]) ] . ;1| og[Cosh [fx]] +

[d Cschle]

2 i ArcTanh[Coth[e]] Log[i Sinh[f x + ArcTanh[Coth[e]]]] + i Polylog[2, e (:fx-iArcTanhiCothle]]) 1) | Seche] /
(Z'FZ\/CSCh[E]Z (~Cosh[e]?+ Sinh[e]?] ) _ dsechfe] sechie+ fx] Sinh[fx] 1
2 £2 2
d
X2
Tanh[e]

Problem 16: Attempted integration timed out after 120 seconds.

c+dx) (bTanh[e+fx])>?dx
( ) | [ 1)

Optimal (type 4, 1392 leaves, 44 steps):
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2b5/2d ArcTan [ 2] (Lp)5/2 (¢ gx) Ar‘cTanh[@] (-b)*? d ArcTanh [ AoTmestx] ]2 2b5/2dAr‘cTanh[@]
Je Vb Vb Vb

- - + +

3 £2 f 2 2 3 £2

b Tanh[e+f X] ]

b Tanh [e+f x] }2 b5/2dArcTanh[@} Log[ —
\b

NCY Vb +/b -1/ bTanh[e+f x] ]

b%/2 (c +dx) ArcTanh [ b%/2 d ArcTanh |

+ - +
f 2 f2 f2
2+/b [+/-b -+/bTanh[e+f x]
) oTamniefxl [V
bS/2 d ArcTanh [ ALbTanhierfx] 1 2+/b b%/2 d ArcTanh | | Log]|
[ N } g[ﬁ+m Vb (ﬁ—x/?) [\/Fﬁ/bTanh[eH:x]
f2 2 2
2+/b [/ -b ++/bTanh[e+fx] 5/2 +/bTanh[e+f x] 2
bS/ZdAr\CTanh[ b Tanh [e+f x] } Log [ ] } (—b) dArcTanh[ T ] Log[ —
Vb (\/TM/F) (\/Fﬁ/bTanh[ewa] 1*?

+ —

2 2 £2

(—b)S/ZdAr‘cTanh[:bTanh[wfx] | Log| Z(Wi Pree Ty ] ] (—b)S/ZdAr‘cTanh[:bTa"h[E#X]

e (V) [o- Lo Vb

-b

2 [Vb /o Tanh{erx]
(7 /b | [M%]

-b

]

| Log| -

2 f2 2 f2
_b)°’2d ArcTanh 3@ log| —2
(=®) [ Vb J Log| 1, oTemn[ecx] ] b%/2d PolyLog[2, 1- — | b*2dPolylog|2, 1- zb ]
Jb +/b -+/bTanh[e+f x] /b ++/bTanh[e+f x]
£ ) 22 ) 22 i

2+/b [\/T—«/bTanh[encx] ) 2v/b (\/Tﬁ/bTanh[eJrfx] ]
(ﬁf\ﬁ) [\/Fﬁ/bTanh[ewa] (\/TH/F) [\/Fh/bTanh[ewa]
. +

4f2 4f2

2 (Vo b Tanhierfx |

b%/2d PolyLog|2, 1 -

| b%2dPolyLog|2, 1-

2 [\/Fﬁ/ b Tanh[e+f x|

(-b)*?dPolylog[2, 1- ——*——] (-b)**dPolylog[2, 1- ] (-b)**dPolyLog|2, 1+ ]
= o o - oot
Z'FZ } 4-F2 - 4.F2
(-b)*?dPolyLog[2, 1- 2

14 /b Tanh [e+fx]

Jo 4b*d~/bTanh[e+fx] 2b(c+dx) (bTanhfe+fx])>?

2 2 3 £2 3f

Result (type 1, 1leaves):

2P
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Problem 17: Unable to integrate problem.

c+dx) (bTanh[e +fx])*?dx
( ) | [ 1)

Optimal (type 4, 1363 leaves, 43 steps):
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\/bTanh[e+f x] ]

2b*2dArcTan|
b

(—b)3/2 (c+dx) ArcTanh|

:{ b Tanh[e+f Xx]

b Tanh[e+f x] }
Vb

2
b ]

(-b) *2 d ArcTanh |

- - - +
£ f 2 2
2b32dArcTanh| b Tanh[e+f ] | b*2(c+dx) ArcTanh| b Tanh[e+f x] | b*2dArcTanh] b Tanh[e+f x] }2
Vb . Vb . Vb ~
£2 f 22
+ N +
b3/2dAr‘cTanh[ bTanhle:f x] } Log[ 2yb b3/2 dAr‘cTanh[ bTanhle:fx] ] Log[ 2y/b }
Vb /b -+/bTanh[e+f x] Vb /b ++/bTanh[e+f x]
£ i £ .
b3/2dAr‘cTanh[ b Tanh [erF x] } Log[ zﬁ(ﬁﬂ/bnnh[eﬂcx} b3/2dAr‘cTanh[ b Tanh [e+f x] } Log[ zﬁ(ﬁﬁ/bmnh[eﬂcx}
Vb (Vo) (\/F+«/bTanh[e+fx] Vb (Vo) (\/Fﬁ/bTanh[eH‘x]
- +
22 22
2 [/b -/ bTanh[e+f x]
(—b)3/2 dAr‘cTanh[:bTanhﬁ#X] ] Log[iJ 2 ] (—b)3/2 dArcTanh[:bTa%+fx] } Log[ [ ]
- b Tanh e+f x - b Tanh |e+f x
— o
£ ) 22 )
2 [/b ++/bTanh[e+fx]
(—b)3/2 dAr‘cTanh[:bTanh[e”cx] ] Log[— ( ] (—b)e’/2 dAr‘cTanh[ b Tanh[e+f x] } Log[ 2 }
b (\/T—\/F) [1_\/bTanh[e+fx] ] Vb 1, VoTanh[e-fx]
oo ~ Voo ~
2 2 £2
s [ 2+/b (\/T—wleanh[ewa]
b3/2d Polylog[2, 1- 2/b b3/2d Polylog|2, 1- 2/b b**dPolylog|2, 1 - —— -
[ +/b —\/b Tanh[e+f x] [ \/b +1/bTanh[e+f x] ( -b 7\/F) [W+ b Tanh [e+f x]

- + +
2 2 2 2 4 f2
25 (Vb +[oTanh e | ) 2 (b \[oTanh e x]

b*>/2dPolyLog|2, 1 -

(ﬁnﬁ) [\/Fﬁ/ b Tanh[e+f x] ]

(-b)**dPolyLog|2, 1- (-b)**dPolyLog[2, 1-

1 \/bTanh[e+fx]

\/T

b Tanh e+ x| ]

(e -

\-b

+

4§

2 (Vo b Tanher i |

(fb)3/2dPolyLog[2, 1+ RN
REy Pw}

]

-b

2 2 42

(-b) 324 PolyLog[2, 1- ——2——]
1+\/bTanh[ewfo

s 2b (c+dx) VbTanhle +fx]

4 f2

Result (type 8, 20leaves):

2 2 f
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c+dx) (bTanh[e +fx])*?dx
( ) | [ 1)

Problem 18: Result unnecessarily involves imaginary or complex numbers.

J(c+dx) vbTanh[e+fx] dx

Optimal (type 4, 1280 leaves, 37 steps):
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V-b (c+dx) Ar‘cTanh[:bTanhgﬂcx] ] MdArcTanh[ibTa\rg+{X] ]2

- - +

f 22

/b Tanh[e+f x]
Vb (c+dx) ArcTanh | b Tanh[e+f x] ] \/FdAr‘cTanh[:bTanh[eﬁx] ]2 Vb dArcTanh| arl/Fe : }LOg[Wi %Ta:h[e#x] ]

Vb Vb
+ - +
f 2 2 £2
2/b (\/—b —+/bTanh[e+f x]
b Tanh[e+f x]
/b d ArcTanh [ LbTanhiesfx 1 2+/b /b dArcTanh| | Log]
rclan [ \/F ] Ogl:\/?Jr\/m] \/F (\lfb 7\m) (\/Fh/bTanh[eva]

£ 22

245 (ﬁﬁ/ b Tanh [e+f x] b Tanh [e+f x] 2
— b Tanh [e+f x] r/-b dArcTanh Log| ———
b dArcTanh [ B ] Log { \-b } & [ 1/ bTanh[efx] }

Vb

(\/TJrW) [\/F+«/bTanh[e+'Fx]
+ _

2 2 £2

2 [\/Fﬂ/ b Tanh[e+f x]

REry [1%]

2 (V5 b Tonh (e |

1- \/bTanh[en‘x ]

/—_b dAr‘cTanh[ /bTanh[e+f x]

= ] \/IdAr‘cTanh[ b Tanh [+ x] | Log|[-

| Log| = e

b \ -b
2 2 2 f2
V=b dArcTanh[ 2t T op 7 2 ] . .
Vb 1, oTam[ecex] Vb dPolylog[2, 1- 2 | /b dPolylog[2, 1- 2 ]
\/T \/F-\/W \/b ++/b Tanh[e+f x]
- - +
f2 2 2 2 2
2/b ﬁ’\/ b Tanh[e+f x] 2+/b [/-b +/bTanh[e+fx] 2
\/FdPOlyLOg[Z, 1- { } \/deolyLog[ZJ 1- [ \/—b dPOlyLOg[Z, 1—m}
(\/T’\/F) (W*\/m (HH/F) (Wh/bTanh[evF X] ) 17?
+ +
4 f2 4 2 5 £2

2 (VB -/bTanh[e-F ] |
(Vb 4D ) [17@]

-b

2 ['\/Fﬁ/ b Tanh[e+f x|

(Vb Vo [1,@]

\-b dPolyLog[Z, 1- ] \/-b dPolyLog[Z, 1+ ] \/-b dPolyLog[Z, 1- 4]

1+\/bTanh[ewfo
T

b

- +

4 f2 4 f2 2 f2

Result (type 4, 556 leaves):
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= -4f (c+dx) (ZAr‘cTan[\/Tanh[eJrfx] | +Log[1-+/Tanh[e+fx] | - Log[1+~/Tanh[e +fx] ]) +
8 f2+/Tanh[e + f x]
d [4]‘1Ar‘cTan[\/Tanh[e+-Fx] }2—4Ar'cTan[\/Tanh[e+-Fx} ] Log[1+e‘”lA'“CTa‘”{VTa‘"h[e”:"1 H - Log[1-+/Tanh[e + f x] ]2+
1 1 1
2Log[1-+/Tanh[e+fx] | Log] ;+;) <7i+\/Tanh[e+fx] )] +2Log[1-+/Tanh[e+fx] | Log| S (i+\/Tanh[e+'FX] )] -
1 1 1
2Log[1-+/Tanh[e + fx] ]Log[z (1+x/Tanh[e+fx] )] -2Llog[1- [;—;) (1+x/Tanh[e+fx} )} Log[1++/Tanh[e+fx] | +
1 1 i) .
2Log[ - (1-+/Tanh(e+fx] |] Log[1++/Tanh[e+ fx] ]—ZLog[(—;—;) i +VTanh(e+fx] |] Log[1++/Tanhle+Fx] |+
2

Log[1++/Tanh[e + fx] ]2+ i PolyLog|2, _ g i AncTan|y/ Tanh e+ f x] H - 2Polylog|2, 1 (1—\/Tanh[e+fx] )] +
2

2 PolyLog|2, (—

N |

1 1 i 1
——) (—1+\/Tanh[e+fx] )] +2Polylog|2, (—;+E) (—1+\/Tanh[e+fx] )] +2Polylog|2, N (1+\/Tanh[e+fx] )] -
2

1 i 1 i
2 Polylog|2, (f—f] (1+\/Tanh[e+fx] )] -2Polylog|2, (*+*) (1+\/Tanh[e+fx] )]
2 2 2 2

]\/bTanh[eH‘x]

Problem 19: Result unnecessarily involves imaginary or complex numbers.

c+dx
J dx
\/bTanh[e + f x]
Optimal (type 4, 1280 leaves, 37 steps):
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(c+dx) ArcTanh| plamhiefxl 1 g Ar‘cTanh[@]z

b Vb

- - +

V-b f 2+/"b f2

JbTanhle fx]
(c+dx) Ar‘cTanh[ bTa$+fx] ] d Ar'cTanh[ bTa'$;+fx] ]2 dArcTanh | ar:/; = | Log] W—\/:Ta:hm]
+ - +

Vb f 2/b f? Vb f?

24/b [\/ “b —/b Tanh [e+f x]

/bTanh[e+f x] 2+/b d ArcTanh
d ArcTanh | T ] Log[ﬁ+m [ TG [W+m

Vb f2 2/b f2

b Tanh[e+f x]
Vb

| Log

d ArcTanh | e e | Log]| 2W(ﬁ+m d ArcTanh | B | Log[ ————]
Vb (VB /B ) (/B /o Tanh et | o 1%
.

+ —

2+/b 2 V-b f?

~JbTanhie:fx] /b Tanhesfx]
dAr‘cTanh[m] Log[ . [W bTanhﬁ[e i ] } dAr‘cTanh[ b Tanh [eFx] ] Log[f : (\/F prmeTe }
\/T (\/Tﬂm) [lix/hranh{em;g ] \/T (ﬁ*\/i) [1—\W]
> Ny

2+/"b £ 2+/"b £
d ArcTanh | b Tanh (e x) | Log| 2 ]

Vb 1. femmletx] © dPolylog[2, 1-

2+/b ] 2+/b }
Jb /b -+/bTanh[e+f x] \/b +1/b Tanh[e+f x]
- +
Vv -b f2 2+/b f2 2+b f2

d Polylog [2, 1-

24/b |/ -b -1/ bTanh[e+f x] 2+/b |/ -b ++/bTanh[e+f x]
dPolylog[2, 1- [ | dPolylog|2, 1- ( dPolylog[2, 1- F:h[em]
(Vb Vo) (x/b /b Tanh[e+f x] (Vb +vo) («/b /b Tanh[e+f x] 1_#

+ +

4+/b 2 4+/b 2 2+/-b f?
2 [\/F*\/ b Tanh[e+f x] 2 [Wﬁ/bTanh[e#x] ]

dPolylog|2, 1- dPolylog|2, 1 dPolylog2,1- —2——
yLog[2, (Vb b [lvbh[f]]] yLog|2, 1+ (Vb - [lwwf]] yiog(2, 1M]
I Jo Jo
- +

4 "b £ 4/~b £ 2+/-b 2
Result (type 4, 556 leaves):
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! 4f (c+dx) (ZAr‘cTan[\/Tanh[e+-Fx] | -Log[1-+/Tanh[e+fx] | +Log[1+~/Tanh[e+fx] ” +
8 f2+/bTanh[e + f x]

d [—41‘1Ar‘cTan[\/Tanh[e+-Fx} ]2+4ArcTan[\/Tanh[e+-Fx] ] Log[l+e4iA"CTa"[VTa"h[e*‘cx] H -Log[1-+/Tanh[e + fx] ]2+

1 iy, 1 iy,
2Log[1-+/Tanh[e+fx] | Log] —+—) <71+\/Tanh[e+fx] )]+2Log[1fx/Tanh[e+fx} | Log| —7—] (1+\/Tanh[e+fx] )] -

2 2 2 2
1 1 i
2Log[1-+/Tanh[e + fx] ]Log[; (1+x/Tanh[e+fx] )] -2Llog[1- (;—;) (1+x/Tanh[e+fx} )} Log[1++/Tanh[e+fx] | +
1 1 i
2Log[ - (1-+/Tanh[e+fx] |] Log[1+/Tanh[e+fx] | -2Log| ——-—) i +VTanh(e+fx] |] Log[1++/Tanhle+Fx] |+
2 2 2

Log[1++/Tanh[e + fx] ]2— i PolyLog|2, _ g i AncTan|y/ Tanh e+ f x] H - 2Polylog|2, 1 (1—\/Tanh[e+fx] )] +
2

2 PolyLog|2, (—

N |

1 1 i 1
——) (—1+\/Tanh[e+fx] )] +2Polylog|2, (—;+E) (—1+\/Tanh[e+-Fx] )] +2Polylog|2, N (1+\/Tanh[e+fx] )] -
2

1 i 1 i
2 Polylog|2, (f—f] (1+\/Tanh[e+fx] )] -2Polylog|2, (*+*) (1+\/Tanh[e+fx] )]
2 2 2 2

] v/ Tanh[e + fx]

Problem 20: Unable to integrate problem.

c+dx
J dx
(bTanh[e+fx])>?

Optimal (type 4, 1365 leaves, 43 steps):
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2dAr‘cTan[:bTanh[e+“] ] (c+dx) ArcTanh | bTanh(e+f x] | dArcTanh| b Tanh [e+f x] }2 2dArcTanh| bTanh e+ x] ]

/b ) b ) b . Vb
b3/2 .FZ (_b)S/Z_F 2 (_b>3/2 _Fz b3/2 .FZ
b Tanh[e+f x] bTanh[e+fx] 72 d ArcTanh| ¥ b Tanh [e+f x] Log 2yb
(c+dx) ArcTanh| o | dArcTanh| e ] [ NS ] [me]
b3/2.F N 2b3/2 .F2 - b3/2 .FZ "

b Tanh (e f x] ] o Zﬁ(x/—b —/bTanh[e+fx]

/b Tanh[e+f x] 2-/b dAr‘cTanh[ g
dAr‘cTanh[ o ] Log[ﬁﬂ/m} Vb (ﬁ_ﬁ) (\/F+«/bTanh[e+'Fx]

b3/2 .FZ 2 b3/2 .FZ

dAr‘CTanh[m] Log[ Zﬁ(ﬁﬁleanh[e#x] ] ] dAr‘cTanh[ bTa\n/r%wa] } Log[ 2 ]

NG (V8 b ) (Vo /b Tann (et | 7 1@
2b3/2 -Fz + (_b>3/2 'F2 —

2 [W—«/bTanh[ewa] ] 2 (\/F+«/bTanh[e++x]

d ArcTanh | JbTanh(e+fx] | Log]| — | dArcTanh| bTanh[e+fx] | Log|- ‘
Vb (v /| 1_%] Vb (B /| [LM]
\ b \ b
2 (-b)32f2 . 2 (-b)32f2 i
d ArcTanh b Tanh[e+f x] L 2
reTanh Vb ] Og[hvmanhle-fXJ ) dPolyLog[2, 1- 2.0 | dpPolylog|2, 1- 2.b ]
NS +/b —\/bTanh[e+f x] A/b +1/bTanh[e+f x]
- - +
(—b>3/2 _Fz 2b3/2 .FZ 2b3/2 .FZ
2vb (Vb \[bTanhlesfx] 26 (Vb +/bTanhe-fx]
dPolylog|2, 1- [ il | dPolylog|2, 1- ( me dPolylog[2, 1~ Wﬂa:hm ]
(\/T—\/F) (W+«/bTanh[e+fx] (\/TH/F) (Wﬂ/bTanh[eﬂcx] 1*?
4b3/2£2 ! 4b3/2£2 " ) (—b)3/2 £2 -
2 ['\/F*w/ b Tanh[e+f x] 2 [Wﬁ/bTanh[eva] ]
d Polylog[2, 1- | dPolyLog[2, 1+ | dpolylLog[2, 1- —2——]
Vb v ) |1 \/ bTanh[e+fx] Vb Vb)) |1 \/bTanh[esfx] 14 M bTanh[erfx]
e e e e T e

- +

4 (-b)*?2f2 4 (-b)*2f2 2 (-b)*% 2 bf+/bTanh[e+fx]
Result (type 8, 20leaves):

c+dx
J dx
(bTanh[e +fx])*?
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Problem 22: Attempted integration timed out after 120 seconds.
J(c+dx)2\/bTanh[e+-Fx] dx

Optimal (type 9, 22leaves, 0steps):
Unintegrable| (c +d x) >VbTanh[e+fx] , x|

Result (type 1, 1leaves):

222

Problem 23: Attempted integration timed out after 120 seconds.

(c+dx>2
J dx
\VbTanh[e + f x]

Optimal (type 9, 22leaves, 0 steps):

(C +d X) 2
\/bTanh[e + f x]
Result (type 1, 1leaves):

2P

Unintegr‘able[ R x]

Problem 50: Result more than twice size of optimal antiderivative.

J (c+dx)" x

a+aTanh[e + fx]

Optimal (type 4, 89leaves, 2 steps):

(crdx)®m 22m 2y (c+dx)" (f—‘“;ﬂL)_mGamma[l+m, e ]

2ad(1+m)_ af

Result (type 4, 186 leaves):
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-m

Sech[e + f x]

m

-F(c+dx)
d

f2 (c+dx>2

227 (codx)" .

2'F<c+dx)
d

m

(d (1+m) Gamma |1 +m, (c+dx)

]

,cosh[ef%] +Sinh[e7cd—f}) L olem g (F [iﬂ(

Cosh|e - Cd—f] +Sinh[e - Cd—f})]

c
(Cosh[f (— X
d

| +sinh[f (5+x
d

]

/ (adf (1+m) (1+Tanh[e - fx]))

Problem 51: Attempted integration timed out after 120 seconds.

J (c+dx)" 4
X
(a+aTanhfe+fx])?

Optimal (type 4, 153 leaves, 4 steps):

(codx)tm g2m g2t (c+dx)" (J—H c;dx )7mGamma[1+m, 2Fede ‘;*dx | a2 et (c+dx)" (J—L‘C c;dx )7mGamma[1+m; afledx, f;dx ]

4a*d (1+m) azf azf

Result (type 1, 1leaves):
???

Problem 52: Attempted integration timed out after 120 seconds.

J (c+dx)" i

(a+aTanh[e+fx])?

Optimal (type 4, 224 leaves, 5steps):

(C+dX)1+m 3 2-4m ef2e+2:ff <C+dX>m (f_(c;ﬂ)‘)?mGamma[ler, 21:(:(1)()]

8a’d (1+m) a’f

qes i<t -m -6er -m
3. 25 2mgtery (c+dx)" (‘c—“;ﬂ)—) Gamma [1 + m, m:ﬂl} 274 m  3-lmBery (c+dx)" (f—“;ﬂ)—) Gamma [1 + m, m:ﬂ)—]

acf a3 f

Result (type 1, 1leaves):

2?7
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Problem 55: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J(c+dx) (a+bTanh[e+fx]) dx
Optimal (type 4, 75leaves, 6 steps):

a (c+dx)2 b (c+dx)2 b (c+dx) Log[1+e2®f¥ ] bdPolyLog|2, -e? (0|
- + +
2d 2d f 2 2

Result (type 4, 227 leaves):

1 , bclog[Cosh[e+fx]]
acx+—adx®+ -
2 f

1
—eArcTanh(Cothle]] £2 52, ——————j Coth[e] (-fx (-n+2iArcTanh[Coth[e]]) - mLog[1l+e®"X] -

1-Coth[e]?
2 (i fx+iArcTanh[Coth[e]]) Log[1-e?* (! Fx:iArcTanhiCothlel]) |, ;1| og[Cosh[fx]] +

[desch[e]

2 i ArcTanh [Coth[e]] Log[i Sinh[f x + ArcTanh[Coth[e]]]] + i Polylog|2, e?* (+fx+iArcTanhiCothle]]) ])

Sech[e}]/ (21“2\/Csch[e]2 (-Cosh[e]?+Sinh[e]?) ) + 1bdeTanh[e]
2

Problem 58: Result more than twice size of optimal antiderivative.

J(c+dx)3 (a+bTanh[e+fx])*dx

Optimal (type 4, 277 leaves, 15 steps):
b2 (c+dx)®> a2 (c+dx)® ab(c+dx)® b2 (c+dx)* 3b>d (c+dx)?Log[l+e? (]
_ N _

£ ad 2d  ad £ '
2ab (c+dx)3 Log[1 +e2 (efX)] . 3b2d? (c+dx) Polylog[2, -e? (e | X 3abd (c+dx)?Polylog[2, -e? (& | )
f £ o
3b2d’Polylog(3, -e2(¢*f¥ | 3abd? (c+dx) Polylog[3, -e?(¢f¥ ] 3abd’Polylog[4, -e2 ¥ | b2 (c+dx)’Tanh[e+fx]
2 £ ) £ : 2 £ ) f

Result (type 4, 1062 leaves):
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1
2 (1+e2€) f

be’® |-12bc’dx-8ac®fx-12bcd’x*-12ac’dfx?-4bd*x>-8acd’fx’-2ad’*fx*+4ac’log[l+e?®fY] +4ace?®Log[1+e?@FV ]+

6bc2dlog[1+e2®f¥] 6bc2de?¢Log[l+e? (Y]

. + . +12ac2deog[1+<e2 (e*‘cx)} +12ac2d<e’2exLog[1+<e2 (e*‘c")] +
12bcd2xLog1C[1+<e2 (efx) | . 12 b ¢ d2 <e2‘3xL1Cog[1+<e2 (efx) | ‘12acd?x Log[1+e? @] .
123 cde 205 Log[1se? ©F0] 6 b d? x? LogEc1+<eZ (eFx) | . 6bd®e2ex2 L(:cg[1+e2 (- | 4 Log[1s et o0 ]
1o et gl o] S99 (107 e 0] o2 o) plsoglz, -+
3d?e2¢ (1+e2¢) (bd+2af (c+dx)) PolyLog|3, -e? (¢ | X 3adPolylog|4, -e? (x| X 3ad®e2¢Polylog|4, -e? (& fx | X
= £ £

1

;Sech[e] Sech[e+fx] (4a®c®fxCosh[fx] +4b>c®fxCosh[fx]+6a>c?dfx?Cosh[fx] +6b*>c*dfx*Cosh[fx] +
4a%cd?fx3Cosh[fx] +4b%>cd?>fx3Cosh[fx] +a’d®fx*Cosh[fx] +b>d®>fx*Cosh[fx] +4a’c3fxCosh[2e+Ffx] +
4b2c3fxCosh[2e+fx]+6a’c?dfx?Cosh[2e+fx] +6b2c>2dfx?>Cosh[2e+fx] +4a’cd>fx>Cosh[2e+Ffx]+
4b?cd?>fx3>Cosh[2e+fx] +a?d*fx*Cosh[2e+fx] +b?d®>Ffx*Cosh[2e+fx]-8b2c®Sinh[fx] -24b%c?dxSinh[fXx] -
8abc®fxSinh[fx] -24b2cd?x?Sinh[fx] -12abc?dfx?Sinh[fx] -8b2d®>x3Sinh[fx] -8abcd?fx®Sinh[fx] -
2abd® fx*Sinh[fx] +8abc’®fxSinh[2e+fx] +12abc’>dfx*Sinh[2e+fx] +8abcd’fx>Sinh[2e+fx] +2abd®fx*Sinh[2e+fx])

Problem 63: Result more than twice size of optimal antiderivative.

J(c+dx)3 (a+bTanh[e+fx})3dlx

Optimal (type 4, 566 leaves, 28 steps):
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3b3‘d(c+dx)2 3ab2(c+dx)3 b3(c+dx)3 a3(c+dx)4 3a2b(c+dx>4 3ab2<c+dx)4

+ + - +

5 £2 : f 2f 4d 4d 4d
b (c+dx)* 3b3d? (c+dx)Log[l+e?®f¥] 9ab2d (c+dx)?Log[1+e?©f¥]| 3a2b (c+dx)’Log[l+e?(eF¥]
ad £ ' £ ' f '
b® (c+dx)>Log[1+e2 (X ]| 3b3d®Polylog|2, -e?(©f¥] 9ab?d? (c+dx) PolylLog|2, -e?(¢fx]
£ ' 2 ¢4 . £ '

9a’bd (c+dx)*Polylog[2, -e? ¥ ] 3b’d (c+dx)?Polylog[2, -e2©F¥ | 9ab2d®PolyLog|[3, -e? (¢ |

2 f2 ' 2 f2 . 2 f4 .
9a2bd? (c+dx) Polylog[3, -e?(®f¥ | 3b>d? (c+dx) PolylLog[3, -e?©f¥ ] 9a2bd®Polylog|4, -e? (¢ ]

263 . 263 ' af '
3 b3 d? PolyLog[4, -e? (¢F | 3b3d(c+dx>2Tanh[e+-Fx} 3ab? (c+dx)3Tanh[e+-Fx} b3 (c+dx>3Tanh[e+-Fx]2

4 £ . 26 i f i 2 f

Result (type 4, 2010 leaves):
1

4 (1+e2¢) £2
be?® |-24b>cd*x-72abc?dfx-24a>c3f2x-8b2c3f2x-12b2d*>x?>-72abcd?’fx?-36a2c?df>x?-12b%2c?df?>x*-24abd?fx3-

2% cd? 2 x3-8b2cd? F2 x> -6a’d® F2x* - 2b?d* f2 x* +36abc?dlog[1+e® *FY] +36abc’de?® Log[1+e? (¢ F ] 4
12b% cd? Log[1 + €2 e*”)} 12b2cd? e2¢ Log |1 + e? (&+FX) |
f f
12a?ce?®flog[l+e? @] +ap2ce?eflog[l+e?®f] 1 72abcd?®xLlog[1+e?®F] 1 72abcd?e?®xLog[l+e? ®F¥]
12b%d*x Log[1 + €2 e*‘c")} 12b2d* e 2¢ x Log |1 + e? (&+Fx) |
f f
36a2c2de‘2eFxLog[1+e (efx] 1 12b2c?de 2 fxlog[l+e? V] +36abd*x? Log[1+e?®F¥] 136abd®e?®x? Log[1+e? ®F¥ ]+
36a%cd’ fx?Log[l+e?®F¥ ] +12b2cd? fx?Log[l+e? ®F¥ ]| +36a2cd’e?®fx?Log[l+e?®F¥ ] +12b cd?e?fx?Log[l+e? (®FY] 4

12a2d> £ Log[1+e? ®F0 | 1 ab?d® Fx? Log[1+e? @ F¥ ]| +12a%d* e 2 Fx? Log[1+e? @ F¥ ] +4b?d® e 2 f x> Log[1l+e? (&P ] 4

+12a2c? flog[l+e?® ¥ ] +4b? 3 flLog[l+e? & ¥ ]+

+36a2c?dfxlog[1+e?®f¥ ] 12b2c?dfxlog[l+e? @FO]

f6d<e’Ze (1+eze) (Gabd'F <c+dx) +3a2f? (c+dx)2+b2 (d2+c2f2+2cdfzx+d2f2x2)) PolyLog[Z, —ez(e*‘:")} -

.FZ
6d2e2° (1+e2¢) (3abd+3a’f (c+dx) +b2f (c+dx)) Polylog|3, -2 ®f¥ | 9a2d®Polylog|4, -e? (¢ ]
£ i £ '
3b2d?Polylog[4, -2 (¢*f¥ | 9a2d®>e2¢Polylog[4, -2 (¢*fX | 3b2d®>e2¢Polylog[4, -e? (¢ FX ]
£ ' £ ' £ '
(b>c®+3b>c2dx+3b>cd?x?+b3d?>x?) Sech[e+fx]?

+

2f
(3x? (a®c*d-3a’bc?d+3ab*c?d-b3>c?d+a’*c®dCosh[2e] +3a’bc*dCosh[2e] +3ab’c?dCosh[2e] +b?c*dCosh[2e] +
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\

a’c®dsinh[2e] +3a’bc?dSinh[2e] +3ab’c?dSinh[2e] +b*c?>dSinh[2e])) /(2 (1+Cosh[2e] +Sinh[2e])) +
1

1+ Cosh[2e] +Sinh[2e]
b>cd®Cosh[2e] +a’cd?Sinh[2e] +3a*’bcd?Sinh[2e] +3ab’cd*Sinh[2e] + b’ cd®*Sinh[2e]) +
(x* (a®d*>-3a’bd’>+3ab>d®-b’>d’+a>d>Cosh[2e] +3a*’bd’Cosh[2e] +3ab”*d’Cosh[2e] +b>d’Cosh[2e] +
a*d*>sinh[2e] +3a’bd?Sinh[2e] +3ab’>d®Sinh[2e] +b*d*Sinh[2e])) / (4 (1+Cosh[2e] +Sinh[2e])) +
a3 i3ap2er 3a2bc3 +3a2bc3Cosh[2e]+3a2bc3Sinh[2e1+
1+Cosh[2e] +Sinh[2e] 1+ Cosh[2e] +Sinh[2e]
2b3c3Cosh[2e] +2b3c3Sinh[2e]
(1+Cosh[2e] +Sinh[2e]) (1-Cosh[2e] +Cosh[4e] -Sinh[2e] +Sinh[4e])
-2b3c3Cosh[4e] -2b3c3Sinh[4e]
(1+Cosh[2e] +Sinh[2e]) (1-Cosh[2e] +Cosh[4e] -Sinh[2e] +Sinh[4e])
b3 ¢3 . b3 c3 Cosh[6e] +b3 c3Sinh[6e] 1

x> (a®cd*-3a’bcd’+3ab’cd’-b’cd®+a’cd’Cosh[2e] +3a*bcd®Cosh[2e] +3ab®cd*Cosh[2e] +

+

1+ Cosh[6e] +Sinh[6e] 1+Cosh[6e] +Sinh[6e] ) 2 2
3Sech[e] Sech[e+fx] (b’>c?dSinh[fx] +2ab?*c®fSinh[fx]+2b>cd?>xSinh[fx] +6ab’®c®dfxSinh[fx] +
b*>d*> x*> Sinh[f x] + 6 ab? c d* f x* Sinh [f x] + 2ab®d®> fx* Sinh[fx])

Problem 64: Result more than twice size of optimal antiderivative.

J(c+dx)2 (a+bTanh[e+fx])*dx

Optimal (type 4, 405 leaves, 22 steps):
bcdx b3d?x2 3ab?(c+dx)? a®(c+dx)’ a?b(c+dx)’ ab?(c+dx)’ b*(c+dx)’ 6ab2d(c+dx) Log[l+e? (&F0]

+ + - + - + +

f 2f f 3d d d 3d f2

3a%b (c+dx)2 Log[1+e?(efx] b3 (c+dx)2 Log[1+e?(®fX ]| p342log[Cosh[e+Ffx]] 3ab?d?Polylog|2, -e? (X ]
£ : f ' = ' £ '
3a’bd (c+dx) Polylog|2, -e? ®f¥ | b*d (c+dx) Polylog[2, -e*(®*¥ | 3a’bd?Polylog|3, -e* (|
£ ' P i 263 )
b®d?Polylog[3, -e2(¢*f¥) | b>d (c+dx) Tanh[e+fx] 3ab?(c+dx)’Tanh[e+fx] b*>(c+dx)*Tanh[e+fx]2
263 . £ ) i . 2f

Result (type 4, 1142 leaves):
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1 ) 4e?fx (9abdf (2c+dx) +3a2f? (3c?+3cdx+d*x?) +b? (3c?Ff2+3cdfix+d? (3+F2x?)))
—b |- +
6 f3 1+ e2¢
6(6abdf (c+dx)+3a2f (c+dx)?+b? (2F42cdf x+d? (1+F %)) Log[1+e? 0],
6d (3abd+3a’f (c+dx) +b?f (c+dx)) PolyLog[2, -e® (®F¥ | -3 (3a?+b?) d* Polylog[3, -2 = F¥ ]| +
; Sech[e] Sech[e+fx]? (6b®c®fCosh[e] +12b’ cdfxCosh[e] +6a’c?f*xCosh[e] +18ab® c® f>x Cosh[e] + 6 b*>d* f x* Cosh[e] +
12 f

6a’cdf’x?Cosh[e] +18ab?cdf?x?Cosh[e] +2a%d?>f2x®Cosh[e] +6ab?d?f>x3Cosh[e] +3a%c?f>xCosh[e+2fx] +
9ab?c?f?xCosh[e+2fx]+3a’cdf?x?Cosh[e+2fx]+9ab?cdf’>x?Cosh[e+2fx] +ad?>f2>x>Cosh[e+2fx]+
3ab2d?f2x3Cosh[e+2fx] +3a>c?f2xCosh[3e+2fx]+9ab?c?f>xCosh[3e+2fx]+3a’cdf’>x?Cosh[3e+2Ffx] +
9ab?cdf?x?Cosh[3e+2fx] +a>d?’f>x3Cosh[3e+2fx] +3ab?d?f>x3Cosh[3e+2fx] +6b3>cdSinh[e] +18ab?c?fSinh[e] +
6b*d?>x Sinh[e] +36ab’>cdfxSinh[e] +18a%bc?f?>xSinh[e] +6b3c?>f2xSinh[e] +18ab?d? fx?Sinh[e] +
18a’bcdf?x?Sinh[e] +6b3cdf?x?Sinh[e] +6a2bd?f2x3Sinh[e] +2b3d?f2x>Sinh[e] -6b3>cdSinh[e+2fXx] -
18ab?2c?fSinh[e+2fx] -6b3d?>xSinh[e+2fx] -36ab?cdfxSinh[e+2fx] -9a’bc?f2xSinh[e+2fXx] -
3b>c?f2xSinh[e+2fx] -18ab?d?fx?>Sinh[e+2fx] -9a’bcdf?x?>Sinh[e+2fx] -3b3>cdf®x?Sinh[e+2Ffx] -
3a2bd?f2x>Sinh[e+2fx] -b3>d?>f2x3Sinh[e+2fx] +9a’bc?f2xSinh[3e+2fx] +3b3c?f2xSinh[3e+2fx] +
9a’bcdf?x*Sinh[3e+2fx] +3b>cdf*x*Sinh[3e+2fx] +3a’bd?fx*Sinh[3e+2fx] +b’>d® > x*>Sinh[3e+2fXx])

Problem 73: Result more than twice size of optimal antiderivative.

J (c+dx)? ix

(a+bTanh[e+-Fx])2

Optimal (type 4, 642 leaves, 28 steps):

_2b2<c+dx)3+ 2b2(c+dx)3 . <C+dx)4 +3bzd<C+dx)2L0g[1+-(ﬂ)a;e;e—dﬂ}_2b<C+dx)3LOg[1+—(—)—a*L":;M‘(X}+
(a2-b?)*f  (a-b) (a+b)? (a-b+ (a+b)e?e2fx)f 4 (a-b)*d (a2 b2)2 £ (a_b)7 (arb] £
2b% (c+dx)’Log[1+ ia—*b)ﬁe—”} ) 3b2d? (c+dx) Polylog|2, ,ia;bf:—”] ) 3bd (c+dx)2Polylog|2, - (a+b)a;e:‘”x] +
(az_bz)Z-F (aZ_bz)zfs (afb)z(aer) £
3b2d (C+dx>2PolyLog{2, ,la—*b):—;e‘m} 3 b2 g3 PolyLog[B, 7_(Lb):—;e‘m] 3b d2 <C+dx) PolyLog[B, - (a+bai2)m2fx:|
_ . i
(a2_b2>2f2 2(a2_b2>2_F4 <a7b>2<a+b) -F3

307 d? (c+dx) Polylog[3, - 2L 3h 2 polylog[a, - 2RI ] 32 2 polyLog|a, - (2L

+

(a2 -b2)% 2 (a-b)? (a+b) 2 (a2-b?)* 4

Result (type 4, 2119 leaves):
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1

Z(a—b)z(a+b)2<b (—1+e2e)+a<1+e2e)>f4
bl12abc?de?®fx+12b%>c?de?®fPx-8a2cde?®f*x-8abce?®f*x+12abcd?e?®fF x> +12b%cd?e?ef3x?-
12a2c?de?®f*x?-12abc?de?®fx?+4abd?e?* £ x3+4b2d> e?* £ x3-8a’cd?e?®f* x> -8abcd?e?®f*x3-

222 d*e®® f*x* - 2abd*e®* f* x* -12abcd? f2 x Log[1+ | +12b2cd® f2 x Log[1+

a-b a-b
12abcd’e?® f2x Log[1+

| -12b%cd?e?® f2x Log[1+ | +12a2c2d > x Log[1+

a-b a-b a-b
b (e+f x) b (e+f x) b (e+f x)
12abc2df3xLog[1+%] +12a2c2dezef3xLog[1+<a+>—] +12abc2de2ef3xLog[1+<a+>;e
a-b a-b a-b
b (e+f x) b (e+f x) b (e+f x)
6abd3fzx2Log[1+(a+>eb}+6b2d3f2x2Log[1+(a+ ) ¢ " }—Gabdsezefzszog[1+<a+ ) e " -
b (e+f x) b (e+f x) b (e+f x)
6b2d3ce2'-°f2x2Log[1+%]+12a2cdzf3x2Log[1+<a+>—b]12abcd2f3x2Log[1+<a+ ) " +
a- a- _
b (e+f x) b (e+f x) b (e+f x)
12a*cd? e*® 2 x? Log[1 + L] +12abcd?e?® 3 x? Log{l+u] +4ad® 3 x* Log |1 + (a+b) &
a-b a-b a-b
b (e+f x) b (e+f x) b (e+f x)
4abd3f3x3Log[1+L}+4a2d3ezef3x3Log[1+L]+4abd3e2ef3x3Log[1+ (2+b) ¢ -
a-b a-b a-b
6abc’df’Log[b (-1+e* ) sa (1+e? )] +6b?°2df Log[b (-1+e>®F¥) +a (1+e>@F0)] -
6abc’de?®f2log[b (-1+e?®F¥) +a (1+e2@F0) ] —6b>c?de’® f2 Log[b (-1+e?®F¥) 1a (1+e?@F0) ]+
432c3f3 Log[b (71+<e2 (e”c’”) +a (1+e2 <e“cx)” ~4abc3f3 Log{b (71+e2 (e+fx)) +a (1+<e2 (e*’CX)H +
4a® e flog[b (-1+e*® ) ra (1+e2 @ )] +4ab’ e’ loglb (-1+e* @) va (1+e? P ]+
(a+b) ez (e+f x)
6d (b (-1+e’®) +a(1+e’®))f(c+dx) (-bd+af (c+dx))Polylog|2, ——b] -
a_
b (e+f x) b (e+f x)
3d* (b (-1+e?®) +a (1+e?®)) (-bd+2af (c+dx)) PolyLog|3, (a+>b}+3a2d3PolyLog[4, (a+b) "
a- a-
b (e+f x) b (e+f x) b (e+f x)
3abd?PolyLog|4, —%} +3a’d®e’®Polylog|4, - <a+>—b] +3abd’e?®Polylog|4, - (3 +b) & "
a- a- a-

(4a®c®fxCosh[fx] +4b®>c®fxCosh[fx]+6a’c?dfx’Cosh[fx]+6b>c?dfx*Cosh[fx]+4a’cd®fx’Cosh[fx] +
4b%cd?fx3Cosh[fx] +a2d®fx*Cosh[fx] +b?>d®Ffx*Cosh[fx] +4a%c®fxCosh[2e+Ffx] -
4b2c3fxCosh[2e+fx]+6a>c?dfx?Cosh[2e+fx]-6b2c?dfx?>Cosh[2e+fx] +
4a2cd’fx’Cosh[2e+fx] -4b?>cd>fx3Cosh[2e+fx] +a’d®fx*Cosh[2e+Ffx]-b?>d®Ffx*Cosh[2e+Ffx] -
8b% c3sinh[fx] -24b?c?dxSinh[fx] +8abc®fxSinh[fx] -24b%cd?x?Sinh[fx] +
12abc?dfx*Sinh[fx] -8b>d®x*Sinh[fx] +8abcd® fx*Sinh[fx] +2abd®fx*Sinh[fx]) /

(8 (a-b) (a+b) f (aCosh[e] +bSinh[e]) (aCosh[e+fx] +bSinh[e+fx]))

(a+b) (e+f x) (a+b> (e+f x)

(a+b) e (¥ (a+b) e (¥ (a+b) e

(e+f x)
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Problem 75: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

c+dx
J dx
(a+bTanh[e+1°x])2

Optimal (type 4, 196 leaves, 5steps):

(c+dx)?> (bd-2acf-2adfx)*> b (bd-2acf-2adfx| Log[1+iﬂm]

a+b

- + +
2 (a®-b?)d  4a(a-b) (a+b)?df (a2 - b2)? £2
abdPolylog[2, - {2t e Xt | b (c+dx)
+
(a2 - b2)? £2 (a2-b?) f (a+bTanh[e+fx])

Result (type 4, 751 leaves):
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(e+fx) (-2de+2cf+d (e+fx))Sech[e+fx]? (aCoshle+fx] +bSinh[e+-Fx}>2

+

2 (a-b) (a+b) £ (a+bTanh[e+1‘:x])2
(bzd(—b(e+Fx)+aLog[aCosh[e+-Fx}+bSinh[e+-Fx]])Sech[e+-Fx]2(aCosh[e+-Fx}+bSinh[e+-Fx}>2)/
(a (a-b) (a+b) (a®-b*) £ (a+bTanh[e+-Fx])2) +
(Zbde(—b(e+fx)+aLog[aCosh[e+-Fx}+bSinh[e+-Fx}])Sech[e+-Fx]2(aCosh[e+-Fx}+bSinh[e+-Fx}>2)/
((a—b) (a+b) (a*-b?) £ (a+bTanh[e+Fx])2) -
(Zbc(—b(e+-Fx)+aLog[aCosh[e+-Fx}+bSinh[e+-Fx}])Sech[e+-Fx]2(aCosh[e+-Fx}+bSinh[e+-Fx])2)/

((afb) (a+b) (a?-b?) f (a+bTanh[e+Fx})2) +|d |- etreTamn 2] (e+Fx)%+

i a 21 (1 (e+fx)+1 Ar‘cTanh[Z—])] +

ia [—(e+fx) —7r+2]1Ar‘cTanh[b}) -nlog[1l+e?®F] 2 [J’l (e+Fx) +JiAr'cTanh[g]] Log[l-e

Log[Cosh[e+fx]] +21 Ar‘cTanh[g} Log[i Sinh[e + fx +Ar‘cTanh[§} |] + 1 PolyLog|2, 2t (1 (evfx) i ArcTanh [ 7] ) ]J

—a?+b?

b2

£2 (a+bTanh[e+-Fx])2 +

Sech[e+1“x]2(aCosh[e+1:x}+bSinh[e+1:x}>2 /[(ab) (a+b)

(Sech[e+fx]? (aCosh[e+fx] +bSinh[e+fx]) (b®’deSinh[e+fx] -b>cfSinh[e+fx] -b*d (e+fXx) Sinh[e+fx]))/
(a (a-b) (a+b) f? (a+bTanh[e+fx]>2)

Problem 76: Attempted integration timed out after 120 seconds.

J = dx
(c+dx) <a+bTanh[e+-Fx])2

Optimal (type 9, 22 leaves, 0steps):
1

Unintegr‘able[ B x]

(c+dx) (a+bTanh[e+fx])?
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Result (type 1, 1leaves):
22?

Problem 77: Attempted integration timed out after 120 seconds.

1
dx
J(c+dx)2 (a+bTanh[e+1‘:x])2

Optimal (type 9, 22leaves, 0 steps):

. 1
Unintegrable|

, X
(c+dx)* (a+bTanh[e+fx])? ]

Result (type 1, 1leaves):

PP

Test results for the 247 problems in "6.3.2 Hyperbolic tangent functions.m"

Problem 41: Result more than twice size of optimal antiderivative.
J(a+aTanh[c+dx])5dlx

Optimal (type 3, 100leaves, 5 steps):

1685 16 a° Log[Cosh[c+dx]] 8a°Tanh[c+dx] 2a?(a+aTanh[c+dx])® a(a+aTanh[c+dx])* 2a (a®+a?Tanh[c+dx])?
a® x + - - _

d d 3d 4d d

Result (type 3, 202 leaves):

1
—— a°Sech[c] Sech[c+dx]*
12d
(18Cosh[3c+2dx] +48dxCosh[3c+2dx] +12dxCosh[3c+4dx] +12dxCosh[5c+4dx] +48Cosh[3c+2dXx] Log[Cosh[c+dXx]] +
12 Cosh[3c+4dx] Log[Cosh[c+dx]] +12Cosh[5c+4dx] Log[Cosh[c+dx]]+6Cosh[c+2dx] (3+8dx+8Log[Cosh[c+dx]])+

Cosh[c] (33+72dx+72Log[Cosh[c+dx]]) +75Sinh[c] -7@Sinh[c+2dx] +3@Sinh[3c+2dx] -25Sinh[3c+4dx])

Problem 42: Result more than twice size of optimal antiderivative.

J(a+aTanh[c+dx])4dlx
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Optimal (type 3, 77 leaves, 4 steps):

8a*log[Cosh[c+dx]] 4a*Tanh[c+dx] a(a+aTanh[c+dx])® (a?2+a?Tanh[c+dx])?
.

8 a* x - -

d d 3d d

Result (type 3, 178 leaves):
1

a*Sech[c] Sech[c+dx]? (Cosh[4dx] +Sinh[4dx])
6d (Cosh[dx] +Sinh[dx])*

(6dxCosh[2c+3dx] +6dxCosh[4c+3dx] +6Cosh[2c+3dx] Log[Cosh[c+dx]] +6Cosh[4c+3dx] Log[Cosh[c+dx]] +6Cosh[dx]
(1+3dx+3Log[Cosh[c+dx]]) +6Cosh[2c+dx] (1+3dx+3Log[Cosh[c+dx]])-21Sinh[dx] +12Sinh[2c+dx]-11Sinh[2c+3dx])

Problem 57: Result more than twice size of optimal antiderivative.

J(a+bTanh[c+dx})5dlx

Optimal (type 3, 142leaves, 5steps):

b (5a*+10a%b?+b*) Log[Cosh[c+dx]] 4ab? (a®+b?) Tanh[c+dX]
d . d

b (3a?+b?) (a+bTanh[c+dx1)2 2ab (a+bTanh[c+dx])3 b (a+bTanh[c+dx1)4

2d 3d 4d

a (a4+10a2b2+5b4) X +

Result (type 3, 366 leaves):
bSCosh[c+dx] (a+bTanh[c+dx])® b*(5a2+b?) Cosh[c+dx]? (a+bTanh[c+dx])®

+ +

4d (aCosh[c+dx] +bSinh[c+dx])® d (aCosh[c+dx] +bSinh[c+dx])®

a(a*+10a2b?+5b%) (c+dx) Cosh[c+dx]® (a+bTanh[c+dx])5 (5a*b+10a%b®+b*) Cosh[c+dx]®Log[Cosh[c+dx]] (a+bTanh[c+dx])5

+ +

d (aCosh[c+dx] +bSinh[c+dx])® d (aCosh[c+dx] +bSinh[c+dx])®

5ab*Cosh[c+dx]2Sinh[c+dx] (a+bTanh[c+dx1)5 1@ Cosh[c+dx]* (3a®b?Sinh[c+dx] +2ab*Sinh[c+dx]) (a+bTanh[c+dx])5

3d (aCosh[c+dx] +bSinh[c+dx])® 3d (aCosh[c+dx] +bSinh[c+dx])®
Problem 73: Result more than twice size of optimal antiderivative.
J Csch[x] dx
1+ Tanh[x]
Optimal (type 3, 12leaves, 8 steps):
—ArcTanh[Cosh[x]] + Cosh[x] - Sinh[x]
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Result (type 3, 49 leaves):

Cosh[x] - Log[Cosh[ﬂ |+ Log[Sinh[iH - (Log[Cosh[ﬂ ] - Log[Sinh[i]] +Sinh[x] ) Tanh[x]

1+ Tanh[x]

Problem 75: Result more than twice size of optimal antiderivative.
J Csch[x]3 dx
1+ Tanh[x]
Optimal (type 3, 18leaves, 8steps):

1 1
- — ArcTanh[Cosh[x]] + Csch[x] - — Coth[x] Csch[x]
2 2

Result (type 3, 59 leaves):

i (4coth[§} 7Csch[§]274Log[Cosh[§H +4Log[Sinh[§H 7Sech[§]274Tanh[§]]

Problem 77: Result more than twice size of optimal antiderivative.

Csch[x]?
ji dx
1+ Tanh[x]

Optimal (type 3, 34 leaves, 9steps):

1 1 Csch[x]® 1 3
— ArcTanh[Cosh[x]] - — Coth[x] Csch[x] + ————— - — Coth[x] Csch[x]
8 8 3 4

Result (type 3, 69 leaves):
1
—— Csch[x]*

192

X X X X

(—42 Cosh([x] -6Cosh[3x] +2Sinh[x] [32-9 (Log[Cosh[ H - Log[Sinh[ H] Sinh[x] +3 (Log[Cosh[ H —Log[Sinh[ H) Sinh[3 x]
2 2 2 2

Problem 79: Result more than twice size of optimal antiderivative.
J Csch[x]?
— dx
1+ Tanh[x]

Optimal (type 3, 44 leaves, 10 steps):
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1 1 1 ; Csch(x]® 1 s
- — ArcTanh[Cosh[x]] + — Coth[x] Csch[x] - — Coth[x] Csch[x]®+ ———— - — Coth[x] Csch[x]
16 16 24 5 6

Result (type 3, 124 leaves):

1 X X 42 X X X2 X6
—(72cOth[—] +30Csch|[—]" -120 Log[Cosh| =] | + 120 Log[Sinh| =] | + 3@ Sech[ =] -5Sech|[~] -
1920 2 2 2 2 2 2

3. (X4 . X6 X4 . X6 . X
288 Csch[x]? Sinh[ =] —384Csch[x}551nh[g] —18Csch[g] Sinh[x] +Csch[;] (-5+6Sinh[x]) —72Tanh[;])
2

Problem 144: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

xSech[c +dx]?
J dx

a+bTanh[c+dx]?

Optimal (type 4, 231 leaves, 9 steps):

x Log |1 4 —(atbye?e2dx x Log |1 4 —(atbyerc2dx Polvlog 2. _ _(aib)ec2¢x Polvlog|2. _ _(ash) ecass
el Ve eltr s e ytog|2, - B s, Polvtes[2, -

- +
2+/-a /b d 2+/-a /b d 4~/-a /b d? 4~/-a /b d?
Result (type 4, 690 leaves):
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(Cosh[c+dx] +Sinh[c+dx]) (aCosh[c+dx]+bSinh[c+dx])

| - (c+dx) Log[1 Cosh[c+dx] +Sinh[c+dx]
s )

Ja Vb "

2121 cAr‘cTan[

} -

Cosh[c+dx] +Sinh[c+dx] } (c dx) Log[l
+ + -

_Va-ivb a+1
Va+ivb

Cosh[c+dx] +Sinh[c +dXx]

Cosh[c+dx] +Sinh[c+dx]
(c+dx) Log[1+ ]

Cosh[c+dx] +Sinh[c +dXx]

(c+dx) Log[1+ | - PolyLog[2, - ] -
_Na+ivb Va-ib
Va-ivb S Vasib

Cosh[c+dx] +Sinh[c+dXx] Cosh[c+dx] +Sinh[c +dXx]

Cosh[c+dx] +Sinh[c +dXx]
PolyLog|2, | +Polylog|2, - | +PolyLog|2, ] /
_Ja-ivb Va +ivb_ VaeiVh
Va +ivb \/? ivb Va-i+b

vasive | vaeive || [-vaive ’J Va+ivb
Va +ivb Va -ivb Va +ivb Va -ivb

Problem 145: Result unnecessarily involves imaginary or complex numbers.

x%2Sech[c+dx]?
J dx

a+bTanh[c+dx]?

Optimal (type 4, 351 leaves, 11 steps):
Xz Log[1+ a+b) eZc+2dx ] X2 Log[1+ a+b e2€+2dx ] XPolyLog[z’ _ §a+b} eZc$2dx ]

a-2+/-a Vb b~ a+2~/-a /b -b N a-2v/-a Vb -b-
2+/-a /b d 2+/-a /b d 2+/-a /b d2
x Polylog|2, - 4—)—a+z*&’£2;;fb | PolyLog|3, - 4—)—372*&’7_:2;;;} PolyLog|3, - 4—)—a+z*&’£2;;fb ]
2+ ~a /b avaEd  aveab

Result (type 4, 316leaves):
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1 (\/—_1\/_) (c+d x) (\/?_‘_1\/?) @2 (c+dx) (\/—_1\/—) (c+d x)
————1i [2d*x® Log[1+ | -2d*x? Log[1+ | +2dxPolyLog|2, -
4+/a /b & Va +i+b Va -i+b Va +i+b
(\/—_'_1\/_) (c+d x) (\/—_1\/—) (c+d x) (\/_+]l\/—) @2 (c+dx)
2deolyLog[2, - ] —PolyLog[3, - ] +PolyLog[3,
Va -i+b Va +ib Va -ivb

Problem 146: Result more than twice size of optimal antiderivative.

Jx3 Tanh[a+2Log[x]] dx

Optimal (type 3, 29 leaves, 4 steps):

— - 1 e?? Log[1+ezax4}
4 2

Result (type 3, 64 leaves):

4

X 1
~— - = Cosh[2a] Log[Cosh[a] +x* Cosh[a]
2

1
-Sinh[a] +x*Sinh[a] ]| + = Log[Cosh[a] + x* Cosh[a] - Sinh[a] + x*Sinh[a]] Sinh[2a]
4 2

Problem 147: Result is not expressed in closed-form.

sz Tanh[a+2Log[x]] dx

Optimal (type 3, 151 leaves, 11 steps):

x> e3?2ArcTan[1-+/2 e2x| e3?2ArcTan[1++/2 e¥2x] e?22Log[1-/2 e?2x+e?x?| e3*2Log[1+/2 e*?x+e? x?]
. _

N
3 V2 V2 2+/2 22
Result (type 7, 64 leaves):

1 Log[x] - Log[x - H1
= (2 x3+3RootSum[Cosh[a1 -Sinh[a] + Cosh[a] #1* + Sinh[a] #1% &, gx] gl ]

&| (Cosh[2a] -sinh[2a])
6 11

Problem 149: Result is not expressed in closed-form.

JTanh [a+2Llog[x]] dx

Optimal (type 3, 145leaves, 11 steps):
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<e*""/2Ar‘cTan[1—\/7@""/2 x| e’a/ZAr‘cTan[1+\/7ea/2x] e /2 Log[l—x/?ea/zxwea x|
X+ - +

e?2Log[1+V2 e¥?x+e? x?]
V2 V2 2+/2 242
Result (type 7, 58 leaves):

1 . 4 e 2, Loglx]-Log[x-nl]
X + —RootSum[Cosh[a] -Sinh[a] + Cosh[a] #1% + Sinh[a] #1" &, "
2 71

&| (Cosh[2a] -Sinh[2a])

Problem 151: Result is not expressed in closed-form.
JTanh [a+2Log[x]]

x2

dx

Optimal (type 3, 147 leaves, 11 steps):

1 e2ArcTan[1-+/2 e¥2x]| e*2ArcTan[1+/2 e2x]| e*2Log[1-/2 e*?x+e?x?] e¥2Llog[l+V2 e*?x+e?x?]
— + + -

X V2 V2 2+/2 22
Result (type 7, 59 leaves):

. 4 . 4 Log[x]+Log l—111
2-X RootSum[Cosh [a] +Sinh[a] + Cosh[a] #1%* - Sinh[a] #1" &, B

&| (Cosh[a] +Sinh([a])?

2 X

Problem 154: Result unnecessarily involves imaginary or complex numbers.

sz Tanh[a+2Log[x]]%dx

Optimal (type 3, 173 leaves, 12 steps):

x3 x3 3e32/2 Ar‘cTan[l—\Eea/2 X} 3e33/2 Ar‘cTan[1+\/?ea/2 x]

. . _
3 1+e?2x4 22 22

3e322Log[1-V2 e2x+e?x?] 3e?*2Log[1+/2 e¥2x+e?x?]
+

42 42

Result (type 3, 174 leaves):
1 123

- 3 3/4 -3a/2 1/4 _-3a/2 -
5 |4 +1+<e2"“x4+9<_1> e3?2Log[(-1)"*e3¥2_e?x] +

9 (-1)"* e Log[ (-1)**e3@2e?x] -9 (-1)** e Log[(-1)"*e?2 s e x| -9 (-1)* e 2 Log[ (-1)** 3?2+ e x]
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Problem 156: Result unnecessarily involves imaginary or complex numbers.

JTanh[a +2Log[x]]%dx

Optimal (type 3, 165leaves, 13 steps):

X + _
1+ e22 x4 22 22 a2 4~2
Result (type 3, 146 leaves):
1 4x 1/4 __a/2 1/4 _a/2
4(4x+1+e2ax4+(—1> e??Log|(-1)"*e??-x] +

<_1>3/4 efa/z LOg[ (_1)3/4 efa/z —X] _ (_1)1/4 efa/z LOg[ (_1>1/4 efa/z +X] _ (_1)3/4 efa/z LOg[ <_1>3/4 efa/z +X})

Problem 158: Result unnecessarily involves imaginary or complex numbers.

Tanh[a +2 Log[x]]?
J dx

XZ

Optimal (type 3, 190leaves, 12 steps):

1 2e22x3  e¥?ArcTan[1-+/2 e¥2x]
7x(1+cezax4)71+<e2""x4Jr 22 )
e2ArcTan[1+/2 e¥2x]| e¥2Llog[1-+/2 e2x+e?x?] e¥2Llog[l+/2 e¥2x+e? x?]
22 . 4+2 ' 4~/2

Result (type 3, 181 leaves):

e-22 _1)\ VA _garzy
o T S P (i A
4 X eX3 X X
e-22 ((_1)3/4_ea/2 x) e22 ((_1>1/4+ea/2 x) e-22 ((_1>3/4+ea/2 x)
(-1)**e®? Log| : |- (-1)>*e¥2 Log| p - (-1)"* €2 Log]| "
X X X

Problem 161: Result more than twice size of optimal antiderivative.

J(e x)"Tanh[a+ 2 Log[x]]%dx

X e?®2ArcTan[1-2 e?2x| e ?2ArcTan[1+/2 e¥2x]| e 2Log[1-/2 e*?2x+e?x?| e 2Log[l+/2 e*?x+e?x?|
+ - +
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Optimal (type 5, 79leaves, 4 steps):

(e x) 1+ (e x) 1+ (e x) 7" Hypergeometric2F1[1, M, 0, _ 23 x4]

e(1+m)+e(1+ezax4) e

Result (type 5, 168 leaves):
1

(Cosh[a] - Sinh[a])?

1 5+m 9+m

x (ex)" | ———————x* (Cosh[a] +Sinh[a]) |-2 (9 +m) Hypergeometric2F1][2, s , -x* (Cosh[2a] +Sinh[2a])]| (Cosh[a] - Sinh[a]) +
(5 +m) (9+m) 4 4
5 +m) x*Hypergeometric2F1|2 9rm 13+m x* (Cosh[2a] +Sinh[2 a] Cosh[a] +Sinh[a]
(5 + 2, , s x| + )] + )]+
4 4

4

Hypergeometric2F1[2, ", %", -x* (Cosh[2a] +Sinh[2a]) ] (Cosh[2a] -Sinh[2a]) ]

1+m

Problem 163: Result more than twice size of optimal antiderivative.

JTanh[a +bLog[x]]Pdx

Optimal (type 6, 79 leaves, 3 steps):

1 1 1
X (1—ezaX2b)’p (—1+ezaX2b)pAppellF1[—, -p, P, — (2+ =1, e??x?b, —ezaXZb]
2b 2 b
Result (type 6, 259 leaves):
-1 ZaXZb P 1 1
[(1+2b)x re AppellFl[—, -p, p, 1+ —, ??x?P, 22 x?"| /
1+ e22x2b 2b 2b

1 1
(—Zbezapx“AppellFl[1+ " 1-p, p, 2+ " e2?x?b, 22 x?P] -

1 1 1 1
2be’?px*® AppellF1[1+ ——, -p, 1+p, 2+ —, 2 x*®, —e??x?°] + (1+2b) AppellF1[—, -p, p, 1+ —, *?x??, —e??x?"]
2b 2b 2b 2b

Problem 164: Result more than twice size of optimal antiderivative.

j(ex)mTanh[aerLog[x] 1P dx

Optimal (type 6, 99 leaves, 3 steps):
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(ex)Tm (1-e22x2b)°P (—1+e23x2b)pAppellF1[12*:, -p, p, 1+ 12*:, @22 x2b, —e22 x2°]

e (l+m)

Result (type 6, 287 leaves):

-1+ @22 x2b)\P 1+m 1+m
[(1+2b+m)x(ex)’" i ) AppellFl[;,fp, p, 1+ : 2ax2b, _e?ax?b| /
1+ e23x%b 2b 2b
1+m 1+2b+m
((1+m) (1+2b+m) AppellFl[;, -p, P, ;, e??x?b, 22 x?P]
2b 2b
1+2b+m 1+4b+m 1+2b+m 1+4b+m
2be??px?® AppellFl[iJr : ,1-p,p, —r=or 2 , €23 %2, —ze“x“’]JrAppellFl[i+ : , -p, 1+p, -2 , €23 x2b, —e“x“’]])]
2b 2b 2b 2b

Problem 166: Result unnecessarily involves higher level functions.

JTanh [a+ Log[x] }p dx

Optimal (type 5, 106 leaves, 4 steps):

21 Petap (71+e23ﬂ)1+p Hypergeometric2F1[p, 1+p, 2+p, > (17e23\5)}

1+ 1-
e 2 (—1+<eza\/x) P (1+eza\/x> P

1+p

Result (type 6, 176 leaves):

-1 234/X P
—ore VX x AppellF1[2, -p, p, 3, €*@V/x, -e??+/x |
1+e??+/x

e??p/x (Appe11F1[3, 1-p, p, 4, €22/x, —€2?/x | + AppellF1[3, -p, 1+p, 4, €**/x , _eza\/?}))J

/ (—3AppellF1[2, -p, P, 3, €22 Vx, —e??Vx |+

Problem 167: Result unnecessarily involves higher level functions.

jTanh[a + I_Ogﬁ}pcﬂx
6

Optimal (type 5, 158 leaves, 5steps):
7e76ap (71+e23X1/3>1+P <1+‘EZaX1/3>1*P+e—4a (71+«323X1/3>1+p <1+e2axl/3>1fp X1/3Jr

2Pe® (1+2p2) (-1+e22x1/3)'"P Hypergeometric2F1[p, 1+p, 2+p, i (1-e?2x1/3)]

1+p

Result (type 6, 177 leaves):



2a y1/3\Pp

-l+e

[4

Ay x AppellF1[3, -p, p, 4, e??x*/3, ezax1/3]]/ (4Appe11F1[3, -p, p, 4, €22 x!3, —e22x!/3] -
1+e%?x

e??pxl/3 (AppellF1[4, 1-p, p, 5, e?x3, —e??x!3| + AppellF1[4, -p, 1+p, 5, e*?x'/3, —e“xl/3]))

Problem 168: Result unnecessarily involves higher level functions.

JTanh [a+ Log [x] }p dx

Optimal (type 5, 190 leaves, 5steps):

le—lza (71+e2aX1/4>1+p (1+e2aX1/4)17p (e4a (3+2p2) _ b2 pxl/4) e (71+e2aX1/4>1+p (1+e2ax1/4)1—p\/?,
3

22Pe®ap (2+p?) (—1+e23x1/4)1+p Hypergeometric2F1[p, 1+p, 2 +p, i (1-e?2xt/4)]

3 (1+p)

Result (type 6, 177 leaves):

[5

Problem 169: Result more than twice size of optimal antiderivative.

2a y1/4

-1+e??x P

x AppellF1[4, -p, p, 5, e x'/%, —ezaxl/“]]/ (5AppellFi[4, -p, p, 5, e*®x'/4, —e??x'/*] -

1+ e2a X1/4

e??px'/* (AppellF1[5, 1-p, p, 6, e*? x'/*, —e?? x"/*] + AppellF1|[5, -p, 1+p, 6, e*®x*/4, —e2? xV/*]}))

JTanh [a+Log[x]]Pdx

Optimal (type 6, 61 leaves, 3 steps):

x (1-e**x*)" (—1+ezax2)pAppellF1[§, -p, P, i, e??x?, -e??x?]

Result (type 6, 171 leaves):

~1+e2ax2)P 1 3
[3x [4 AppellFl[ =, -p, p, =, €*?x?, -e?? x?]
2 2

/

1+e22x?

1 3
(BAppellFl[f, -p, p, —, €3x?, —ezaxz] -2e??px? 2, g2
2 2

Problem 170: Result more than twice size of optimal antiderivative.

JTanh[a +2Log[x]]Pdx

6.3 Hyperbolic tangent.nb | 35

3 5 3 5
AppellFl[g, 1-p,p, S’ e??x?, -e??x?] +Appe11F1[g, -p, 1+p, S’ e?? x?, —ezaxz}))
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Optimal (type 6, 61 leaves, 3 steps):

x (1-e*2x*) P (—1+ezax4)pAppellF1[1, -p, P, 5, e??x*, —e?? x4
4 4

Result (type 6, 171 leaves):

71+e2ax4 p

4 2a 4]
1+e22xt

1 5
AppellFl[f, -p, p, —, e°?¥x%, —e“?x
4 4

/

5 9 5 9
AppellFl[Z, 1-p,p, 2’ e??xt, —e??x4] +Appe11F1[Z, -p, 1+p, 2’ e?? x4, —ezaxﬂ)]

1 5
(SAppellFl[f, -p, p, =, €27x%, —e??x*| ~4e??px*
4 4

Problem 171: Result more than twice size of optimal antiderivative.

JTanh[a +3Log[x]]Pdx

Optimal (type 6, 61leaves, 3 steps):

X (1—<ezax )7'3 (—1+ezax6)pAppellF1[§, -p, p, é, e?? x8, —ezaxﬂ

Result (type 6, 171 leaves):

-1+e23x5)P 1 7 1 7
7x|—————| AppellF1[~, -p, p, —, €®?x®, -e??x®] / [7Appe11F1[f, -p, P, —, €27x5, —e??x8] -
1+e22x8 6 6 6 6
7 13 7 13
6e2?px° AppellFl[g, 1-p,p, o e??x®, —e??x°] +Appe11F1[g, -p, 1+p, o e??x8, —e??x8| )

Problem 172: Result more than twice size of optimal antiderivative.

JX?’ Tanh|d (a+bLog[cx"]) ]| dx

Optimal (type 5, 59leaves, 4 steps):

x* 1 4 . 2 2
— - —X Hyper‘geometr‘1c2F1[1, — 1+ >
4 2 bdn bdn

_g2ad (CXn>2bd]

Result (type 5, 127 leaves):

1 n 2 n
= x4 |2 e2d (asbLog[cxX"]) yypergeometric2Fl (1, 1+ , 2+ , —@2d(arblog[cx D] -
8+4bdn bdn bdn

2 n

(2+bdn) Hypergeometric2Fi[1, 1+ , —e2d (asbLog[cx]]]

bdn  ~ bdn
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Problem 173: Result more than twice size of optimal antiderivative.

sz Tanh|d (a+blog[cx"]) ] dx

Optimal (type 5, 63 leaves, 4 steps):

X3 2 3
——=x Hyper‘geometr‘icZFl[l, , 1+ , —e2ad <cxn>2bd]
3 3 2bdn 2bdn

Result (type 5, 136 leaves):
1

9+6bdn

n 3 3 n
x> 3 e2d (20 Loglex']) Hypergeometric2F1[1, 1+ 2+ - e2d(arbLog[ex])] _

2bdn’~ 2bdn’

1+ 3 _ezd(a+bLog[cx“])]

(3+2bdn) Hypergeometric2Fi|1, s ,
2bdn 2bdn

Problem 174: Result more than twice size of optimal antiderivative.

jx Tanh|[d (a+bLog[cx"])] dx

Optimal (type 5, 55leaves, 4 steps):
X2
~ - x* Hypergeometric2F1[1,
2

L1+ J7e23d(cxn)2bd}
bdn bdn
Result (type 5, 124 leaves):

1 1 1
—x* |e*?? (c x“)“’dHyper‘geometr‘icZFl[l, 1+ , 2+ s
2+2bdn bdn bdn

2d (a+bLog[cx"]) }

_g2ad (cx”)Zbd] _

1
) 1+ 3
bdn bdn

(1+bdn) Hypergeometric2Fi[1, -e

Problem 175: Result more than twice size of optimal antiderivative.

JTanh[d (a+bLog[cx"])] dx

Optimal (type 5, 53 leaves, 4 steps):

P ~e22d (cxn)?P9]

X - 2 x Hypergeometric2F1 [1, B B
2bdn 2bdn

Result (type 5, 129 leaves):
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e2ad x (c x“)Zbd

i _1 1 _ 2ad n)2bd
Hypergeometric2F1[1, 1+ Toanr 2% Spgs e (cx)

1+2bdn

, 1+ = , —e2?d (cx”)“’d]
2bdn 2bdn

- X Hypergeometric2F1[1,

Problem 177: Result more than twice size of optimal antiderivative.

JTanh[d (a+bLoglcx"])] 5
X

x2

Optimal (type 5, 59leaves, 4 steps):

i _1 1 2ad 2bd
S 2 Hypergeometric2F1|1, - g 1o, el (cxn)2°9]

X X

Result (type 5, 126 leaves):

e?d (a+bLog[cx']) yypergeometric2F1[1, 1 - 2; 2- 21—, —e2d(arblogex])]

bdn’ 2bdn’ 1 1

J17 J
2bdn 2bdn

X | =

+ Hypergeometric2F1[1, -

-e

2d (a+bLog[cx"])]
-1+2bdn

Problem 178: Result more than twice size of optimal antiderivative.

JTanh[d (a+bloglcx"]) ] 5
X

x3

Optimal (type 5, 56 leaves, 4 steps):

i 1 1 2ad 2bd
1 ) Hypergeometric2F1[1, - e 1o gy et (cxm) ]

2 x2 X2

Result (type 5, 120leaves):

e2d (a+bLog[ex"]) Hypergeometric2F1[1, 1- ——, 2 - =, —e2d(a:® LW[CX"”}

1 bdn bdn

2 x2

1
B 1_ k]
bdn bdn

-€e

+ Hypergeometric2F1[1, - 2d (a+bLog[cx"]) ]

-1+bdn

Problem 192: Result more than twice size of optimal antiderivative.

jTanh[d (a+blLog[cx"])]®ax

Optimal (type 6, 115leaves, 4 steps):

X (l—ezad (c x”)Zbd)fp (—1+e23d (cx”)zbd)pAppellFl[ ! > -P, P, 1+ e??d (c X”)zbd, - g22d (cx”)Zbd}
n

2bdn’
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Result (type 6, 387 leaves):

~1+e?29 (c x”)Zbd P

e2ad (an)zbd, _e2ad (an>2bd]J/

(1+2bdn) x AppellF1| ! s ~Ps P 1+
1+e2"‘d<cx”>2b 2bdn 2bdn
(*Zbdezadnp(CX”)ZbdAppellFl[lJr bld 1.p,p, 2+ = ,e2ad(CXn)2de7e2ad(CXn)2bd},
2 n 2 n
2bde23dnp (cx”)ZbdAppellF1[1+ Zbdn’ -p,1+p, 2+ 2bdn, e22d <CXn>2bd, _g2ad (CXn>2bd] +

B eZad (CXn)Zbd, 7@23(1 (CXn)Zbd}

> —P, Py 1+
dn 2bdn

1
(1+2bdn) AppellF1|
2b

Problem 193: Result more than twice size of optimal antiderivative.
J(ex)mTanh[d (a+bLog[cx"]) |Pax
Optimal (type 6, 135leaves, 4 steps):
1+m

! (ex)m (1—ezad(cx“)2bd)ip (—1+ezad(cx“)Zbd)pAppellFl[ L > =Py Py 1+ P
e(1+m) 2bd 2bdn

Result (type 6, 417 leaves):

-1+ e22d (c x”)Zbd

p
AppellFl[ 1+m 1+7m, e2ad (an>2bd, _e2ad (an)Zbd}]/
2bdn

[(1+m+2bdn) X (ex)™"
1+ e?2d (cx")Zb

1+m+2bdn

(1+m+2bdn) AppellF1| 1b+dm > =P Ps o d 2bd | _g2ad (cx”)“d} -
2 n 2 n

s eZad (CXn>

((1+m)
2bde???np (cx")?°* AppellFl[M, 1-p,p, M’ €229 (cxn) 209, 224 (cxn)209)
2bdn 2bdn
appel1py[1mr20dn % e298 (o x1)209, _c2ad (an)m}])]
2 n

2bdn

Problem 200: Result more than twice size of optimal antiderivative.

Tanh [x
J [x]° o
\/a+bTanh 2+ cTanh[x]*

Optimal (type 3, 135leaves, 8 steps):
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(b4—2c) ArcTanh[ b+2 c Tanh[x]? } ArcTanh[ 2a+b+ (b+2c) Tanh[x]?
ZW\/%bTanh[X]zm Tanh[x]* zm\/amTanh[x]hc Tanh[x]* \/a +bTanh[x]2+cTanh[x]*
+ _
4c 2+a+b+c 2c

Result (type 3, 42734 leaves) : Display of huge result suppressed!

Problem 201: Attempted integration timed out after 120 seconds.

Tanh[x]3

dx

\/aerTanh[x]2+cTanh[x]4

Optimal (type 3, 105leaves, 7 steps):

ArcTanh| b+2 ¢ Tanh[x]® | ArcTanh| 2a:bs (b+2c) Tanh(x]? ]
2\/?\/a+bTanh[x]2+cTanh[x]4 Z\W\/a+bTanh[x]2+cTanh[x]4
+
2vec 2+a+b+c
Result (type 1, 1leaves):
PP

Problem 202: Result more than twice size of optimal antiderivative.

Tanh [x]

dx

\/a+bTanh[x]2+cTanh[x]4

Optimal (type 3, 58 leaves, 4 steps):

2
ArcTanh [ 2a+b+ (b+2c) Tanh[x] ]
2+/a+b+c \/a+bTanh[x]2+cTanh[x]4

2+/a+b+c
Result (type 3, 59564 leaves): Display of huge result suppressed!

Problem 203: Unable to integrate problem.

Coth[x]

dx

\/a+bTanh[x]2+cTanh[x]4

Optimal (type 3, 106 leaves, 8 steps):
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2 2
ArcTanh [ 2 a+b Tanh[x] ] ArcTanh [ 2a+b+(b+2¢c) Tanh[x] ]
2\/:\/a+bTanh[x]2+cTanh[x]4 ZW\/a»rbTanh[x]%cTanh[x]"
- +
2va 2+va+b+c

Result (type 8, 23 leaves):
Coth[x]

dx

\/aerTanh[x]2+cTanh[x]4

Problem 204: Unable to integrate problem.

Coth[x
J [x] o
\/a+bTanh 2+ cTanh[x]*

Optimal (type 3, 183 leaves, 11 steps):

ArcTanh [ 2a+b Tanh [x]2 ] b ArcTanh [ 2a+bTanh[x]2 ]
2\/?\/a+bTanh[x]2+c Tanh[x]* 2\/37\/a+bTanh[x]2+cTanh[x]4
- + +
24/ 422
Ar‘cTanh[ 2 a+b+ (b+2 c) Tanh[x]?
2+/a+b+c \/a+bTanh[x]2+c Tanh[x]* COth \/a +b Tanh [x ] + c Tanh[x] 4
2+a+b+c 2a

Result (type 8, 25leaves):
Coth[x]3

dx

\/a+bTanh[x]2+cTanh[x]4

Problem 205: Result more than twice size of optimal antiderivative.

JTanh \/a+bTanh[ x]2+cTanh[x]* dx

Optimal (type 3, 132leaves, 8steps):

(b+2c) ArcTanh | b+2 ¢ Tanh[x1% ] 3 aiba(beac) Tanhixl2
+b Tanh[x]%+ h{x]* 1 a+b+ +2c) Tanh[x] 1
_ 27/ Y a+b Tanh[x]+¢ Tanh x] Afyﬂ;:T;:E_ArcTanh[ ( ) - fAJa-+bTanh[x]2+-cTanh[x}4
a~c 2 2+a+b+c \/aerTanh[x]ercTanh[x]4

Result (type 3, 178715 leaves) : Display of huge result suppressed!
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Problem 214: Result is not expressed in closed-form.

Jex Tanh[2x]? dx

Optimal (type 3, 113 leaves, 13 steps):

X Ar‘cTan[l—\/?eX] Ar‘cTan[1+\/?<eX] Log[l—\/?exwe“} Log[1+\/7<ex+<ezx}
. _ _

e” + +
1+e*x 242 242 42 42
Result (type 7, 48 leaves):
e 1 X - Log[e* -1
e+ + = RootSum[1 +n1* &, 8l | &
l+e** 4 m13

Problem 215: Result is not expressed in closed-form.
Jex Tanh[2 x] dx
Optimal (type 3, 95leaves, 11 steps):
Ar‘cTan{l—\/?eX] Ar‘cTan[1+\/7<eX} Log[l—\/?zexﬂezx] Log[1+\/?ex+e2"]
_ N _
V2 V2 242 22
Result (type 7, 35leaves):

e +

1 X - Log[eX - H1
e*+ — RootSum|[1 + =1 &, 8l ]
2 113

8]

Problem 218: Result is not expressed in closed-form.
Jex Tanh[3 x]2dx

Optimal (type 3, 113 leaves, 14 steps):

X

Log[1-+/3 e*+e?*| Log[1++/3 & +e2X
2¢  2ArcTan(el] +1ArcTan[\/?—2ex]—lArcTan[\/?+2eX]+ 0g[1- /3 v e?] Log[1+/3 v et]

e” +

3 (1+e¥) 9 9 9 63 63
Result (type 7, 97 leaves):

. -2x+2Llog[eX-nl] + x#H1% - Log[eX - 1] H12

2 e* 2 ArcTan[eX]
e’ + -

1
- =~ RootSum[1 - #1? + #1* &,
3 (1+e6X) 9 9 -1 + 2113

&



Problem 219: Result is not expressed in closed-form.

Jex Tanh[3 x] dx

Optimal (type 3, 97 leaves, 12 steps):

2ArcTan[e*] 1

Log[l—ﬁexwezx] Log{1+\/?ex+e2"]

X —mm ¢ fArcTan[\/?—zex] - lAr‘cTan[\/?Jrz‘Ex] +

3 3 3 23 24/3
Result (type 7, 81 leaves):
2 ArcTan[eX]

x_2ArcTan[e”] 1 2 a4
e - - = RootSum|1 - #1? + #1* &,
3 3 -1+ 2113

-2x+2Llog[e*-H1] + xH1? - Log[e* - #1] #1? 8

Problem 222: Result is not expressed in closed-form.

Jex Tanh[4 x]? dx

Optimal (type 3, 382 leaves, 23 steps):
Ar‘cTan[@} Ar‘cTan[@} Ar‘cTan[le*;ZZ 2e]

Ar‘cTan[@}
LI PN Log[1-~/2-+2 exﬂe“}fi 2-/2 Log[l+2-v2 e +e?*]+
32 32
8 [2 (242

Result (type 7, 51 leaves):
X 1 X - Lo i |
qex+(97+—R00‘t5um[1+1118 &, gle }
2 (1+e®*) 16 717
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Problem 223: Result is not expressed in closed-form.

Jex Tanh [4 x] dx

Optimal (type 3, 366 leaves, 21 steps):

Ar‘cTan[@L 2 ’Zex] Ar‘cTan[@” 2 ’Zex} Ar‘cTan[@L 2 *Zex} Ar‘cTan[@b 2 *Zex}

+ - + - 1
. V22 . V22 ~ V22 ~ 2-V2 s T2 2 Log[l— Z_ﬁeerer]_
8

2 /2(27\f 2 /2(2“5) 2 2(27\5) 2 2(2+\E)

e’ +
2)
2247 tog[1en2-v7 e+ 22447 Log[1-+2+4Z e se2] -
8

8

2 Log[1+\/2+\/? ex+<e2x]

0 |~
N
+

Result (type 7, 35leaves):

1 X -Llog[e*-#l
e*+ ~ RootSum |1 + 1% &, gl ]
4 11’

8]

Problem 224: Result is not expressed in closed-form.

Jex Coth[4 x] dx

Optimal (type 3, 116 leaves, 15 steps):

ArcTan[eX] ArcTan[1-+/2 eX] ArcTan[1++/2 €] ArcTanh[eX] Log[1-+V2 e*+e?*| Log[1++/2 e +e2X]
- - " -

e’ - +
2 2+/2 2+/2 2 4~/2 a2
Result (type 7, 59 leaves):
1 (4 e* - 2ArcTan|[e*| + Log[1-e*] - Log[1 +e*] + RootSum|1 + 11 &, . Log[e: e &|
a4 w1
Problem 225: Result is not expressed in closed-form.
Jex Coth[4 x]? dx
Optimal (type 3, 134 leaves, 17 steps):
. X ArcTan[eX] Ar‘cTan[l—\/?eX] Ar‘cTan[1+\/7<eX] ArcTanh[eX] Log[l—\/?exwe“] Log[1+\/7<ex+<e“}
e” + - + - - + -

2 (1-e8) 8 82 82 8 162 162



Result (type 7, 73 leaves):
1

16

8 et - 2ArcTan[e*] + Log[1 - e*] - Log[1+ e*] + RootSum|[1 + 114 &, X - Log[e* - #1]
-1+ e8% 01

16 e* -

8]

Problem 226: Result is not expressed in closed-form.

eX
Ji dx
a-Tanh[2x]

Optimal (type 3, 107 leaves, 5steps):

9y 1/4 X _9)1/4 ox
. ArcTan [ H-2—¢ | ArcTanh [ {1-2—<*]
e (1+a) 1/ (1+a)1/%

- + +
1-a (1-a)+i+a (1-a2)Y* (1-a)+/1+a (1-a%)"*
Result (type 7, 54 leaves):

2 (-1+a) eX+Rootsum[1+a-H1%+an1® g, LB ] g]

113

2 (-1+a)?
Problem 227: Result is not expressed in closed-form.

J e dx
(a-Tanh[2x] )2

Optimal (type 3, 152 leaves, 7 steps):

_a)1/4 ex _a)1/4 ex
o o (1+4a) Ar‘cTan[%] (1+4a) Ar‘cTanh[%}

. _ _
(1-a)® (1-a)®(1+a) (1+a+(-1+a)e*) 2(1-a)?(1+a)>?(1-a2)"" 2(1-a)®(1+a)?(1-a2)"*
Result (type 7, 107 leaves):

4 (dra) e (202a-et0ha? [1refr)) | (1+4a) RootSum|[1+a-n1*+ani*g, x-Logleru1] &]

l+a-e**+ae*X n1?

4(-1+a)3 (1+a)

Problem 230: Result more than twice size of optimal antiderivative.

Jec (@5X) Tanh[d + e x] dx

Optimal (type 5, 67 leaves, 4 steps):
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o¢ (asbx) 2 €° (3'9X) Hypergeometric2F1[1, ch, 1+ ch, -2 (drex) ]
e e

bc bc

Result (type 5, 141 leaves):
1

bc (bc+2e) (1+e29)

c (a+bx)

e

bc bc
(2 bce? @eX Hypergeometric2F1[1, 1+ —

2e 2e

Problem 231: Result more than twice size of optimal antiderivative.

Jcec (@bX) coth[d + e x] dx

Optimal (type 5, 65leaves, 4 steps):

e (atbx)  2e (@PX) Hypergeometric2F1 [1, ;’f, 140¢ g2 (d*ex)]

bc bc

Result (type 5, 134 leaves):
1

bc(bc+2e) (-1+e29)

bc bc
e (3+bx) (2 bce? @eX Hypergeometric2F1[1, 1+ —

2e 2e

Test results for the 263 problems in "6.3.7 (d hyper)"m (a+b (c tanh)*n)*p.m"

Problem 7: Result more than twice size of optimal antiderivative.

JCsch[Cerx]3 (a+bTanh[c+dx]?) dx

Optimal (type 3, 51leaves, 4 steps):

(a-2b) ArcTanh[Cosh[c+dx]] aCoth[c+dx]Csch[c+dx] bSech[c+dx]
- +

2d 2d d

Result (type 3, 123 leaves):

y 24—, —e2(dex] (bc+2e) 1-e??+2e??Hypergeometric2Fi|1,

, 2+ —, ez(‘“ex)] + (bc+2e)

bc
2e

(1 +e?%-2e?? Hypergeometric2F1[1, —

bc

7,1_'_7

2e

2
e (d+ex)]))
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aCsch[i (c+dx) ]2 aLog[Cosh[i (c+dx)]] bLog[Cosh[i (c+dx)]]

— + —

8d 2d d
aLog[Sinh[i(Cerx)H bLog[Sinh[i(c+dx)H aSech[i(c+dx)]2 bsech[c +dx]
2d ' d 8d ' d

Problem 26: Result unnecessarily involves imaginary or complex numbers.

Sinh[c+dx]3
J dx

a+bTanh[c+dx]?

Optimal (type 3, 75leaves, 4 steps):

2/b Sech[c+dx]
a\/FAr'cTanh[ 5 ] aCosh[c+dx] Cosh[c+dx]3

.
(a+b)®>2d (a+b)*d 3(a+b)d

Result (type 3, 135leaves):

.
12 (a+b)>'%d

-i+va+b —\/;Tanh[i (c+dx” -i+va+b +\/;Tanh[§ <c+dx)]

ArcTan + ArcTan
[ ] [

Vb Vb

12ia+b

3(3a-b)+a+b Cosh{c+dx]+ (a+b)*?Cosh[3 (c+dx)]

Problem 28: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J Sinh[c +d x]

a+bTanh[c+dx]?

dx

Optimal (type 3, 53 leaves, 3 steps):

2/b Sechlc+dx]
\/FAr‘cTanh[ b } Cosh[c +dx]

N
(a+b)??d (a+b)d
Result (type 3, 107 leaves):

i W ArcTan[ -i~/a+b —ﬁ\/‘l’;nh“— (c+d x)w

~i+/a+b +\/a7Tanh“— (c+d x)]
Vb

| +ArcTan|

|| ++a+b Cosh[c+dx]

(a+b)??d
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Problem 29: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J Csch[c +dx]
a+bTanh[c+dx]?

dx

Optimal (type 3, 55leaves, 4 steps):
\/FAr‘cTanh[m‘“—de]

a+b

ArcTanh[Cosh[c +d x]]
ad ava+b d
Result (type 3, 135leaves):

) ~i+/a+b —/a Tanh|L (c+dx) . -i+/a+b ++/a Tanh ;(c+dx)
;| VD ArcTan | v { ]] ivb ArcTan| T { H 1 ‘ 1
— + - Log[Cosh| = (c+dx) || +Log[Sinh[= (c+dx)]]
ad a+b a+b 2 2

Problem 31: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J Csch[c+dx]3
a+bTanh[c+dx]?

dx

Optimal (type 3, 85leaves, 5steps):

/ Vb Sech[c+dx
(a+2b) ArcTanh[Cosh[c +dx] ] Vb Va+b ArcTanh | 5 ] Coth[c +dx] Csch[c+dx]

2 a%d azd 2ad

Result (type 3, 198 leaves):

~ 1
8a%d
-iva+b -+/a Tanh[% (c+dx)] -iva+b ++/a Tanh[? (c+dX)] 1 X
8i+b Va+b ArcTan| 2 | +8i+vb a+b ArcTan| 2 | +aCsch[ = (c+dx) ]| -
Vb Vb 2
4aLog[Cosh[§ (c+dx)]] —8bLog[Cosh[% (c+dx)]] +4aLog[Sinh[% (c+dx)]] +8bLog[Sinh[% (c+dx)]] +aSech[% (c+dx)]2
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Problem 34: Result unnecessarily involves imaginary or complex numbers.

Sinh[c+dx]3
J dx

(a+bTanh[c+dx]2)2

Optimal (type 3, 124 leaves, 5steps):

Vb Sech[c+dx
(3a-2b) Vb ArcTanh| 5 ] (a-b) Cosh[c+dx] Cosh[c+dx]3 abSech[c+dx]
+

+

2 (a+b)”*d (a+b)’d 3(a+b)?d 2 (a+b)’d (a+b-bSech[c+dx]?)

Result (type 3, 160leaves):

~i+/a+b -\/a Tanh[; (c+d x)}
Vb

12d (a+b>7/2

-1 \/ﬁﬂ/?TanhB— (c+dx)] ]
b

| +ArcTan|

6i(3a-2b) /b [ArcTan[

4b
3 Cosh[c +dx] (5b+a (_3+ a-bs (a+b) Cosh[2 (c+dX) ] )) . Cosh[3 (c+dx) |

(a+b)3 (a+b)2

Problem 36: Result unnecessarily involves imaginary or complex numbers.

Sinh[c +dx]
J dx

(a+bTanh[c+dx]2)2

Optimal (type 3, 92 leaves, 4 steps):

y/b_Sechfc+dx]
34/b Ar‘cTanh[ — } 3 Cosh[c +dx] Cosh[c +dx]
+

2 (a+b)*%d 2(a+b)>d 2 (a+b)d(a+b-bSechc+dx]?)

Result (type 3, 133 leaves):

31D Siaw Afa Tanh[; (c+dx) ] Sian ofa Tanh[; (c+dx) | ] .
Jb Jo 2Cosh[c+dx] (1-

_ + a-b+(a+b) Cosh[2 (c+dx)]
(a+b)5/2 (a+b)?

2d

ArcTan { ] +ArcTan [




50 | 6.3 Hyperbolic tangent.nb

Problem 37: Result unnecessarily involves imaginary or complex numbers.

Csch[c +dx]
J dx
(

a+bTanh[c+dx]2)2

Optimal (type 3, 103 leaves, 5steps):

/b Sech[c+dx
ArcTanh[Cosh[c +d x]] Vb (3a+2b) Ar‘cTanh[ a+b } b Sech[c +dx]

+ +

a’d 2a2 (a+b)*?d 2a(a+b)d(a+b-bSech[c+dx]?)

Result (type 3, 188 leaves):

-1 \/ﬁ—\/?Tanh{g (c+dx)} -1 \/WM/?Tanh{% (c+dx)} ]
1 Vb . Vb N

2a%d (a+b)3/2 (a+b)3/2

ivb (3a+2b) ArcTan |

| ivb (3a+2b) ArcTan|

2abCosh[c+dx]
(a+b) (a-b+ (a+b) Cosh[2 (c+dx)])

_2|_og[Cosh[% (c+dx)]] +2Log[Sinh[% (c+dx)]]

Problem 39: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

dx
2

J Csch[c+dx]3
(a+bTanh[c+dx]?)

Optimal (type 3, 141 leaves, 6 steps):

/b Sech[c+dx
(a+4b) ArcTanh[Cosh[c+dx]] Vb (3a+4b) ArcTanh| arb ] Coth[c+dx] Csch[c +dx] bSech[c+dx]

2a3d 233Va+b d 2ad(a+b-bSech[c+dx]2) a’d(a+b-bSech[c+dx]?)

Result (type 3, 314 leaves):
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i VB (3a+4b) APcTan{SechEmmx)] (ﬂimmsh%(c+dx>]fv?51nh[§<c+dx)])]
— W —_
2a3+va+b d
. Sech i—(c+dx) -i+/a+b Cosh ;(c+dx) +/a Sinh 1—(c+dx)
1W(3a+4b) Ar‘cTan[ | L % ] | H] b Cosh[c +dx]
2a3+/a+b d a2d (a—b+aCosh[2 (c+dx>] +b Cosh|[2 (c+dx)])
Csch[i<c+dx)]2 (a+4b) Log[Cosh[i<c+dx)H (-a-4b) Log[Sinh[i(Cerx)H Sech[i(c+dx”2
83a%d ' 2a3d : 2a3d ) 8a%d

Problem 42: Result unnecessarily involves imaginary or complex numbers.

dx
3

J Sinh[c+dx]3
(a+bTanh[c+dx]?)

Optimal (type 3, 166 leaves, 6 steps):

+/b_sechlc+dx]
5 (3a—4b) \/FArcTanh[ ° Se:rlbc = ] (a-zb) Cosh[c+dx]

+

8 (a+b)*?%d (a+b)*d

Cosh[c +dx]3 abSech[c+dx] (7a-4b) bsech[c+dx]
+

+

3(a+b)’d 4 (a+b)3d (a+b—bSech[c+dx}2)2 8 (a+b)*d (a+b-bSech[c+dx]?)

Result (type 3, 227 leaves):

-1 M—\/?Tanh{i— (c+d x)]
Vb
24d <a+b)9/2

~-i+/a+b +va Tanh[% (c+d x)}
Tl eon)]

15 i (3a—4b) Vb (Ar‘cTan[ ] +Ar‘cTan[

(6Cosh[c+dx] (3a3—24a2b+36ab2—13b3+ (6a®-27a’b-11ab®+22b%) Cosh[2 (c+dx)]|+3 (a-3b) (a+b)2Cosh[2 (c+dx)}2))/

2Cosh|[3 (c+dx”
<a+b>3

((a+b)4 (a-b+ (a+b) Cosh|2 (C+dx”>2) .

Problem 44: Result unnecessarily involves imaginary or complex numbers.

Sinh[c +dx]
J dx
(a+bTanh[c+dx]2)3
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Optimal (type 3, 126 leaves, 5steps):

/b Sechc:dx]
15 /b ArcTanh ] 15 Cosh [c + d x] Cosh[c+dXx] 5Cosh[c +dx]
+

8(a+b)7/2d 8(a+b)3d 4(a+b)d<a+bbeech[c+dx}2)2 8(a+b)2d(a+b—bSech[c+dx12)

Result (type 3, 157 leaves):

. 1 . 1
15 \/F [Ar‘cTan[ ~i+/a+b -/a Tanh{; (c+d x)} ] + ArcTan [ —i+/a+b +\/a Tanh[; (c+d x)} }

Vb Vb
— | = +
8d (a . b)7/z
2
2Cosh[c+dx] (4- 4b - 9b
(a-b+ (a+b) Cosh[2 (c+dx)])? a-b+ (a+b) Cosh[2 (c+dx) ]
(a + b)3

Problem 45: Result unnecessarily involves imaginary or complex numbers.

J Cschc+dx]
(a+bTanh[c+dx]2)3

dx

Optimal (type 3, 156 leaves, 6 steps):
Vb (15a%+20ab+8b?) ArcTanh| w]

a+b
+ +

a’d 8a3(a+b)5/2d

b Sech[c +dx] b (7a+4b) Sech[c+dx]

+

4a(a+b)d(a+b-bSech[c+dx]2)? 8a?(a+b)?d (a+b-bSech[c+dx]?)

ArcTanh[Cosh[c +d x]]

Result (type 3, 249leaves):
-i+/a+b -+/a Tanh {% (c+d x) l

. i -i+/a+b +\/a Tanh %(ud X)
1 ivb (15a%+20ab+8b?) ArcTan| T ]+1\/F(15a2+20ab+8b2) ArcTan | T | H )
8a3d (a+b)5/2 (a+b>5/2
2 p2 2ab (9 4b) Cosh d
Ba"b"Coshc+dx] + ab(9a+4b) Coshic+dx] —8Log[Cosh[1 (c+dx>H+8Log[Sinh[l(c+dx)H
(a+b)*(a-b+ (a+b) Cosh[2 (c+dx)])® (a+b)?(a-b+ (a+b)Cosh[2 (c+dx)]) 2 2
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Problem 47: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

dx
3

J Csch[c+dx]3
(a+bTanh[c+dx]?)

Optimal (type 3, 196 leaves, 7 steps):
Vb (15a%+4@ab + 24 b?) ArcTanh [MLML]

a+b

2a%d 8a4(a+b>3/2d

(a+6b) ArcTanh[Cosh[c+dx]]

Coth[c+dx] Csch[c +dx] 3bSech[c+dXx] b(11a+12b) Sech[c+dx]
2ad (a+b-bSech[c+dx]2)® 4a’d(a+b-bSech[c+dx]2)?> 8a®>(a+b)d(a+b-bSech[c+dx]?)

Result (type 3, 401 leaves):

i \/F (15 a2+40ab s 24 b2> ArcTan [ Sech“— (c+d x)] (—i\/ﬁCoshjﬁE(md x)]—\/? Sinh“— (c+d X)H ]

8 a* (a+b)3/2d

Sech“— (c+dx)] (—i\/ﬁCosh{; (c+dx)]+\/?sinh[i— (c+dx)H ]

ivb (15a2 +40ab + 24 b?) ArcTan | "

ga* (a+b)??d
b2 Cosh|[c +d x] -9abCosh[c+dx] -8b%Cosh[c+dx]

+ —

a? (a+b)d(a-b+aCosh[2 (c+dx)]+bCosh|2 (c+dx”>2 4a®(a+b)d(a-b+aCosh[2 (c+dx)]+bCosh[2 (c+dx)])

Csch[% <c+dx)]2 (a+6b) Log[Cosh[% (c+dx)]] (-a-6b) Log[Sinh[% (c+dx)]] Sech{% (c+dx”2
8a3d : 2a%d ' 2a%d ) 8ad

Problem 73: Result is not expressed in closed-form.

Sinh[c +dx]*4
J dx

a+bTanh[c+dx]?

Optimal (type 3, 491 leaves, 11 steps):
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a?/3b1/3 (a2 1+ 3a%/3 p2/3 - p?) ArcTan[al/s’zbgT:f/ZWd” | 3a(a-5b)Log(1- Tanhic:dx]]
_ V3 (a3 223623 4 b*3) 3 d _ 16 (a+b)>d +
3a(a+5b) Log[1+Tanh[c+dx]] a*3b'? (a*+7a2b?+b*+3a%3b*? (2a2+b?)) Log|al’?+ b3 Tanh[c+dx] ]
16 (a-b)>d 7 3 (a2-b2)°d +
a?3bl/? (a*+7a2b%+b*+3a¥3b%3 (2a2+b?)) Log[a?/? - a3 b3 Tanh[c +dx] +b?3 Tanh[c+dx]2] a2b (a?+2b2) Log[a+b Tanh[c+dx]?]
6 (a2 -b2)>d _ (a?-b2)°d ’
1 - 5a-b B 1 N 5a+b

16 (a+b) d (1-Tanh[c+dx])® 16 (a+b)*d (1-Tanh[c+dx]) 16 (a-b)d (1+Tanh[c+dx])? 16 (a-b)*d (1+Tanh[c+dx])

Result (type 7, 645 leaves):
1

96 (a-b)* (a+b)>d

1

(—32abRootSum[a—b+3at11+3b111+3at112—3b1112+a1113+b1113&, (-6a’c-12ab’c-6a’dx-
a-b+2anl+2bnl+anl?-bul?

12ab’dx+3a’Log[e? (<9 1] +6ab’Log[e? 9 -n1| -8a’cHl+4a’bcnl+8ab’cnl-4b’cul-8aldxul+
4a’bdxnl+8ab’dxnl-4b’dxnl+4a’Log[e? (<9 —m1|nl-2a’blogle® 9% —n1] #1-4ab’Log[e® (<9 —n1] w1+

2b% Log[e? ("9 —n1| n1-10a®cH1?+20a’bcnl?-20ab’crl?+4b%cnl?-10a’dxn1?+20a’bdx 112 - 20ab?d x11? +
4b’dxn1?+5a% Log[e® (9% —n1] 11?2 - 182’ b Log[e? 9 -n1]| #1% + 10 a b Log[e? (“*9) —u1] 11% - 2b° Log[e? (9% —u1] n1?) &) +

3 (4b (5a®+5a’b+ab’+b?) Cosh |2 (c+dx>] - (a-b)b <a+b>2Cosh[4 (c+dx>] -8a(a’+a’b+2ab’+2b?) Sinh|[2 (c+dx)} +

a(a-b) (12 (a>-6ab+5b) (c+dx) + (a+b)ZSinh[4 (c+dx)”))

Problem 75: Result is not expressed in closed-form.

dx

j Sinh[c+dx]?
a+bTanh[c+dx]?

Optimal (type 3, 384 leaves, 11 steps):
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2/3 Wl/3 (52 2/3 Wa/3 2 al/3-2bY/3 Tanh[c+d x]
a®2 b1/ (a? - 3272 b* 4 2b%) ArcTan| J3 al ] (a-2b) Log[1-Tanh[c+dx]]
" _

V3 (a2-b2)%d 4 (a+b)*d
(a+2b) Log[1+Tanh[c+dx]] a*?b'3 (a?+3a%3b*3+2b?) Log[a®/®+DbY/?Tanh[c+dx] |
4 (a-b)?d ) 3 (a2 - b?)2d )
a?3bl/3 (a% +3a%2b*3 + 2b%) Log[a?/? - a'/3 b3 Tanh[c + dx] + b?> Tanh[c + d x] 2]
6 (a2 -b2)%d
b (2a%+b?) Log[a+bTanh[c+dx]?] 1 1

+ —

3 (aZ_b2>2d 4 (a+b)d(1-Tanh[c+dx]) 4 (a-b)d(1+Tanh[c+dx])

+

Result (type 7, 423 leaves):
. ! 6 (a> 3ab+2b%) (c+dx)+3b (a+b) Cosh[2 (crdx)]+
12 (a-b) (a+b)2d

1

4bRootSum[a7b+3a111+3btt1+3a111273btt12+a1¢13+btt13&,
a-b+2apl+2bgl+anl?-bml?

(4a>c+2b’c+4a’dx+2b>dx-2a’Log[e® (<9 —u1] - b’ Log[e? (“9¥ —u1] +4a’cnl-4b>cnl+4a’dxnl-4b’dxnl-
2a% Log[e? (“*9%) —m1] m1+2b? Log[e? ("9 —m1| w1+ 8a’cHl?-8abcml?+2b?cnl?+8adxn1?-8abdxn1?+2b2dxn1? -

4a’Log[e? (<9 —u1] n1*+4abLlog[e? 9 —n1]| n1? - b’ Log[e? ("9 - 1] 11?) &| -3a (a+b) Sinh[2 (c+dX) |

Problem 78: Result is not expressed in closed-form.

Cschic+dx]?
J dx

a+bTanh[c+dx]3

Optimal (type 3, 157 leaves, 8 steps):

13 al/3-2 b2 Tanh[c+d x]
b Ar'cTan[ e ] Coth[c+dx] b'/3 Log[a1/3+b1/3 Tanh[c+dX]} pl/3 Log[aZ/s_al/E, b'/3 Tanh[c + d x] + b?/3 Tanh[c+dx]2]
— + B
S ~d 3443 ¢ 6a%3d

Result (type 7, 190 leaves):

1
- (3Coth[c+dx] +2bRootSum(a-b+3anl+3bul+3anl?-3bnl?+anl®+bnul’g,
3ad

<7cfdfoog[7Cosh[c+dx] -Sinh[c+dx] +Cosh[c+dx] #1-Sinh[c+dx] #1] +cHl +dx a1 +
Log[-Cosh[c+dx] -Sinh[c+dx] +Cosh[c+dx] #l-Sinh[c+dx]nl]nul) / (a+b+2anl-2bnl+anl®+bul?) &])
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Problem 80: Result is not expressed in closed-form.

Cschic+dx]*
J dx

a+bTanh[c+dx]?

Optimal (type 3, 215leaves, 12 steps):

1/3 al/3-2b%/3 Tanh[c+d x]
b Ar‘cTan[ V3 al/3 ] Coth[c+dx] Coth[c+dx]® blog[Tanh[c+dx]]
_ + _ _ _
V3 at3d ad 3ad azd

bl/3 Log[a1/3+b1/3Tanh[c+dx]} bt/3 Log[a2/3—a1/3b1/3Tanh[c+dx] +b2/3Tanh[c+dx]2] bLog[a+bTanh[c+dx]3}
+ +
3a%/3d 6a*3d 3a2d

Result (type 7, 322 leaves):

; (-acCoth[c+dx] (-2+Csch[c+dx]?) +3b (c+dx-Log[Sinh[c+dx]]) +
3a°d

bRootSum[a-b+3anl+3bnl+3an1?-3bni?+anl®+bnl’&, (-2ac+2bc-2adx+2bdx+alog|e’ ¥ —n1] -blog[e? < —m1] -
8acHl-4bcnl-8adxul-4bdxul+4alogfe? <99 —nl|nl+2blogle? ¥ —m1]ul+2acni?+2bcnl?+
2adxn1’+2bdxnl? -alog|e* (9% —n1]| 11?2 -bLog|[e® 9% —n1| 1#1?) / (a-b+2anl+2bul+anl®-bnl?) &])

Problem 104: Result more than twice size of optimal antiderivative.
JSech[c+dx]4 (a+bTanh[c+dx]2)3d1x

Optimal (type 3, 102 leaves, 3 steps):
a®Tanh[c+dx] a’(a-3b)Tanh[c+dx]® 3a(a-b)bTanh[c+dx]> (3a-b)b’>Tanh[c+dx]’” b3Tanh[c+dx]®

d 3d 5d 7d 9d
Result (type 3, 218leaves):

(5775 a®-1071a’b +621ab?-725b3+
20160 d

10 (903 a%-63a’b-27ab’+107b?) Cosh[2 (c+dx) | +8 (525a% + 126 a’b - 81 ab? - 50 b?) Cosh|[4 (c+dx) | +
1050 a* Cosh [6 (c +dx) | +630a”>bCosh|[6 (c+dx) ] +270ab’Cosh|[6 (c+dx)] +50b°Cosh[6 (c+dx)| +185aCosh[8 (c+dx)] +
63a’bCosh[8 (c+dx) | +27ab?Cosh[8 (c+dx) | +5b’Cosh[8 (c+dx)]) Sech[c+dx]®Tanh[c+dXx]

Problem 133: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J Sech[c+dx]7
(a+bTanh[c+dx]2)?

dx
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Optimal (type 3, 156 leaves, 6 steps):
Va+b (8a?-4ab+3b?) Ar‘cTan[m]

ArcTan[Sinh[c +d x]] va
- + +
b*d 8a*2b*d
(a+b) Sinh[c+dx] (4a-3b) (a+b) Sinh[c+dx]

4abd(a+ (a+b) Sinh[c+dx]2)2_8a2b2d (a+ (a+b) sinh[c+dx]?)

Result (type 3, 317 leaves):
2+a+b (8a2—4ab+3b2) Ar‘cTan[w} 2 (8a3+4a2b—ab2+3b3) ArcTan[w]

1 a+b a+b
- + +
32b3d a%/? a*’2+/a+b

i/ b (8a2-4ab+3b%)L -b b) Cosh|2 d
64Ar‘c:Tan[Tanh[1(c+dx>H+IL ar ( a avr ) og[a +(a+ ) °s [ (c+ X>H -
2 3572
i(8a*+4a2b-ab?+3b%) Logla-b+ (a+b) Cosh[2 (c+dx)]] 32b2 (a+b) Sinh[c+dx] 8b (4a2+ab-3b2) Sinh[c+dx]
- +
a%2+/a+b a(a—b+(a+b)Cosh[2(c+dx)])2 az(a—b+(a+b)Cosh[2<c+dx)])

Problem 144: Result more than twice size of optimal antiderivative.

JTanh[c+dx]4 (a+bTanh[c+dx]?)*dx

Optimal (type 3, 83 leaves, 4 steps):

: b)z (a+b)2Tanh[c+dx} (a+b)2Tanh[c+dx}3 b (2a+b) Tanh[c+dx]> b2Tanh[c+dx]’
a+b)%x- - - -
d 3d 5d 7d

Result (type 3, 205 leaves):
4a’Tanh[c+dx] 46abTanh[c+dx] 176b%2Tanh[c +dX]

a’x+2abx+b?x- +

3d 15d 105d
a’?Sech[c+dx]2Tanh[c+dx] 22abSech[c+dx]2Tanh[c+dx] 122b%Sech[c+dx]2Tanh[c+d x]
3d : 15d ' 105 d )
2abSech[c+dx]*Tanh[c+dx] 22b?2Sech[c+dx]*Tanh[c+dx] b?Sech[c+dx]®Tanh[c+dXx]
5d ) 35 d ' 7d

Problem 146: Result more than twice size of optimal antiderivative.

2

JTanh[c+dx]2 (a+bTanh[c+dx]?)"dx
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Optimal (type 3, 63 leaves, 4 steps):

5 (a+b)2Tanh[c+dx} b (2a+b) Tanh[c+dx]® b2Tanh[c+dx]®
(a+b) X - - -
d 3d 5d

Result (type 3, 132leaves):
a’Tanh[c+dx] 8abTanh[c+dx] 23b?Tanh[c+dXx]

d 3d 15d
C

2abSech[c+dx]?Tanh[c+dx] 11b?Sech[c+dx]%2Tanh[c+dx] b?Sech[c+dx]*Tanh[c+dXx]
+ _

3d 15d 5d

a’x+2abx+b?x- +

Problem 154: Result more than twice size of optimal antiderivative.

2

JCoth[c+dx]6 (a+bTanh[c+dx]?)"dx

Optimal (type 3, 63 leaves, 4 steps):

R (a+b)?Coth[c+dx] a(a+2b)Coth{c+dx]> a2Coth[c+dx]5
(a+b)*x- - -
d 3d 5d

Result (type 3, 132leaves):
23 a?Coth[c+dx] 8abCoth[c+dx] b?Coth[c+dXx]

15d 3d d
11 a2Coth[c+dx] Csch[c+dx]? 2abCoth[c+dx] Csch[c+dx]2 a%?Coth[c+dx] Csch[c+dx]*

15d 3d 5d

a?x+2abx+b%x-

Problem 156: Result more than twice size of optimal antiderivative.

JTanh[Cerx]4 (a+bTanh[c+dx]?)®dx

Optimal (type 3, 114 leaves, 4 steps):
(a+b)3Tanh[c+dx} (a+b)3Tanh[c+dx]3 b (3a?+3ab+b?) Tanh[c+dx]> b?(3a+b) Tanh[c+dx]’ b3Tanh[c+dx]®

(a+b>3x— - - - -
d 3d 5d 7d 9d

Result (type 3, 640 leaves):
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Sech[c+dx]°
80640d

(396902 (c+dx) Cosh[c+dx] +119070a’b (c+dx) Cosh[c+dx] +119@78ab® (c+dx) Cosh[c+dx] +39690b> (c+dx) Cosh[c+dx] +
26460 a° (c+dx) Cosh[3 (c+dx)| +793808a*b (c+dx) Cosh[3 (c+dx)]|+79380ab” (c+dx) Cosh|3 (c+dx) |+
26460 b> (c+dx) Cosh[3 (c+dx)| +11340a> (c+dx) Cosh[5 (c+dx) | +34020a’b (c+dx) Cosh[5 (c+dx) ]|+
34620ab” (c+dx) Cosh[5 (c+dx)|+11340b° (c+dx) Cosh[5 (c+dx) ]| +2835a® (c+dx) Cosh[7 (c+dX) ]|+
8565a’b (c+dx) Cosh|[7 (c+dx)] +8585ab? (c+dx) Cosh|[7 (c+dx)]+2835b> (c+dx) Cosh[7 (c+dx) ]+
315a° (c+dx) Cosh[9 (c+dx” +945a%b (c+dx) Cosh[9 (c+dx)] +945ab® (c+dx) Cosh[9 <c+dx)] +315b% (c +d x| Cosh[9 (c+dx” -
3780 a%Sinh[c +dx] - 124742 bSinh[c +dx] - 18584 ab? Sinh[c +dx] - 7938 b*> Sinh[c +d x] - 7980 a*>Sinh[3 (c+dx)] -
24696 a’bSinh[3 (c+dx)| -24696ab”Sinh[3 (c+dx)]|-5292bSinh|[3 (c+dx)]|-6300a’>Sinh|[5 (c+dx)]-18144a”bSinh|[5 (c+dx)] -
19224 ab”Sinh[5 (c+dx) | - 7668 b>Sinh |5 (c +dx) | - 2520a>Sinh|[7 (c+dx) ] -7371a’bSinh[7 (c+dx) | - 6696 ab”>Sinh[7 (c+dx) | -
1917 b3Sinh[7 (c+dx) ] -420a*Sinh[9 (c+dx) | -1449abSinh[9 (c+dx)] - 1584 ab?Sinh[9 (c+dx) | -563b>Sinh[9 (c+dx)|)

Problem 202: Result more than twice size of optimal antiderivative.

J 1-Tanh[x]? dx

Optimal (type 3, 3leaves, 3 steps):
ArcSin[Tanh[x] ]
Result (type 3, 19leaves):

X
2 ArcTan|Tanh|[ =] | Cosh[x] ~/Sech[x]?
2

Problem 208: Result more than twice size of optimal antiderivative.
JTanh[x]Sx/a+bTanh[x]2 dx

Optimal (type 3, 87 leaves, 7 steps):

Va b ArcTanh| a+bTanh(x]? ]7W+ (a-b) (a+bTanh[x]2)*? ) (a+bTanh[x]?)

a+b 3b2 5b2

5/2

Result (type 3, 184 leaves):
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(a-b+ (a+b) Cosh[2x]) Sech[x]* |-23+ - —-

152 b2 b

m\/(ab+(a+b)Cosh[2X])SECh[§]4
+ (a+b) Tanh[i]z} SeCh[i]z/

15+/2 /a+b Cosh[x] Log[fsech[i}z} -Logla+b+ s
2 5 2 2

[J (a-b+ (a+b) Cosh[2x]) Sech[i]4 ] + (11+§) Sech[x]?2-3Sech[x]*
2

Problem 209: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JTanh [x]%+/a+bTanh[x]? dx

Optimal (type 3, 121 leaves, 8steps):
(a2—4ab78b2)ArcTanh[M
a+b Tanh [x]2 4b) Tanh b Tanh[x]?2
Jawtamnix Achanh[mTa”hm - (a+4b) Tanh[x] ~/a+bTanh(x] L ranh(x)?Ja+bTanh(x]2

a+bTanh[x]? 8b 4

8 b3/2

Result (type 4, 580 leaves):
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1 b (a- 4b7) a-b+ (a+b) Cosh[2x] aCoth[x]2 a (1+Cosh[2x]) Csch[x]? (a-b+ (a+b) Cosh[2x]) Csch[x]?
i a2 _ _
4b 1+ Cosh[2x] b b

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
b

V2

Csch[2x] EllipticF[ArcSin| |, 1] sinh[x]* / (a(a-b+ (a+b) Cosh[2x])) |-

1 a-b+ (a+b) Cosh[2x]

1+ Cosh[2x]

4ib (4ab+4b®) /1+Cosh[2x] \/

Ja—b+ (a+b) Cosh[2x]

Csch[2x]
b b

\/ aCoth[x]Z\/ a (1+Cosh[2x]) Csch[x]? \/(ab+(a+b)Cosh[2x])Csch[x]2
—_ Jl —_ —_

b

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?

EllipticF[ArcSin| +

|, 1] sinh[x]* /(4a\/1+Cosh[2x] \/a—b+(a+b) Cosh[2x]

V2

\/ aCoth[x]Z\/ a (1+Cosh[2x]) Csch[x]? \/(ab+(a+b)Cosh[2x])Csch[x}2
PR il Sor D

Csch[2x]
b b b
(a-b+ (a+b) Cosh[2x]) Csch[x]?
b
EllipticPi]| , ArcSin| |, 1] sinh[x]* / (2 (a+b) +/1+Cosh[2x] \/a—b+ (a+b) Cosh[2x] +
a+b A2

Sech —aSinh -6bSinh
ech(x] (-asin [;‘1 inhx]) + L sechx]2 Tanh [x]
8 4

a-b+acCosh[2x] +bCosh[2Xx]
1+ Cosh[2x]
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Problem 210: Result more than twice size of optimal antiderivative.
JTanh[x]3x/a+bTanh[x]2 dx

Optimal (type 3, 63 leaves, 6 steps):

a+bTanh[x]?2 a+bTanh[x]2)%?2
Va+b ArcTanh| ’ LX) | -+Ja+bTanh[x]? - ( %)
Vva+b 3b

Result (type 3, 310leaves):

a+4b Sech[x]?
- +

3b 3

a-b+acCosh[2x] +bCosh[2X]
1+ Cosh[2x]

-b b) Cosh[2
\ m(1+Cosh[x])\/ 1+ Coshi2x] Ja + (a+b) Cosh[2x]

(1+cCosh[x])? 1+ Cosh[2x]

Log[—1+Tanh[§]2] —Log[a+b+aTanh[£]2+bTanh[§]2+\/a+b \/4bTanh[£}2+a (1+Tanh[§]2)2 ]
2 2

5 A A (—1+Tanh[£}2)

2

4bTanh| }2+a (1+Tanh[ ]2)2

(1+Tanh[§}2] i § /[\/a—b+(a+b)Cosh[2x] J(1+Tanh[x]2)2 J4bTanh[)2(}2+a[1+Tanh[x]2)2]

2 (—1+Tanh[§}2)2 2 2

Problem 211: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JTanh [x]2+/a+bTanh[x]? dx

Optimal (type 3, 85leaves, 7 steps):

(a+2b) ArcTanh | /b Tanhix]
~/ a+b Tanh[x]? +\/a+7bAr‘cTanh[ \/HTanh[x} 1

| - = Tanh[x] +/a+bTanh[x]?
2+/b a+bTanh[x]?2 2

Result (type 4, 531 leaves):

bz\/a—b+(a+b)Cosh[2x} \/ aCoth[x}Z\/ a (1+Cosh[2x]) Csch[x]? \/(a—b+<a+b>Cosh[2x])Csch[x12

1+ Cosh[2X] b b
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\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
b

Csch[2x] EllipticF [ArcSin|

, 1] sinh[x]* ala-b+ (a+b) Cosh[2x -
= . 1] sinh(x3*| / (a (a-b- (a+b] Coshizx]))

1 a-b+ (a+b) Cosh[2x]

1+ Cosh[2x]

4ib (a+b)~/1+Cosh[2x] J

\/afb+ (a+b) Cosh[2x]

Csch[2x]

\/ aCoth[x]Z\/ a (1+Cosh[2x]) Csch[x]? \/(a—b+(a+b)Cosh[2x])Csch[x}2
e |- _

b b

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
b

EllipticF [ArcSin| +

|, 1] Sinh[x}4/(4a\/1+Cosh[2x] \/a—b+(a+b) Cosh[2x]

V2

Csch[2x]

\/ aCoth[x]z\/ a (1+Cosh[2x]) Csch[x]? \/(ab+(a+b)Cosh[2x})Csch[x]2
]]_ - -

b b

(a-b+ (a+b) Cosh[2x]) Csch[x]2
b
, ArcSin| |, 1] sinh(x]* /

a+b NEY

EllipticPi|

- Tanh [x]

(2 (a+b) v/1+Cosh[2x] \/a—b+ (a+b) Cosh[2x]

1 a-b+acCosh[2x] +bCosh[2X]
2 1+ Cosh[2x]

Problem 212: Result more than twice size of optimal antiderivative.
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JTanh [Xx] \/a+bTanh[x]? dx

Optimal (type 3, 44 leaves, 5 steps):

a+bTanh[x]?

Va+b ArcTanh|

| -+/a+bTanh[x]?
a+b

Result (type 3, 214 leaves):

+

a-b+acCosh[2x] +bCosh[2X] Cosh[x] a-b+acCosh[2x] +bCosh[2X]
- + Cosh[x
3 +4Cosh[x] +Cosh[2X] 3 +4 Cosh[x] +Cosh[2X]

\/a+bJ(a—b+(a+b)Cosh[2x])Sech[’2‘}4
a+b Log|-Sech 17 - a+b Logla+b+ + (a+b) Tanh b
Va~b Log|-sech[2]’] - a b Log] = (a+b) Tanh [ *]]

Sech[i]z\/<a—b+(a+b) Cosh[2x]) Sech[x]? /[J(a—b+(a+b) Cosh[2x])Sech[i]4

2 2

Problem 213: Result more than twice size of optimal antiderivative.

J a+bTanh[x]? dx

Optimal (type 3, 60leaves, 6 steps):
_\/FAr*cTanh[ Vb Tanh [x] | ++/a+b ArcTanh] a+b Tanh[x]

r/a+bTanh[x]? a+bTanh[x]?

Result (type 3, 137 leaves):
( \Va+b Log[l-Tanh| +va+b Log[l+Tanh[x] —ZV—Log[bTanh \/_x/a+bTanh

Va+b Logla-bTanh[x] ++a+b /a+bTanh[x +Va+b Log[a+bTanh[x] +Va+b +/a+bTanh[x J
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Problem 214: Result more than twice size of optimal antiderivative.

JCoth [X] \/a+bTanh[x]? dx

Optimal (type 3, 56 leaves, 7 steps):

v/ a+bTanh[x]? a+bTanh[x]?
7\/?Ar'cTanh[ ’ [x] | +~/a+b ArcTanh| ’ [x] |
\/? a+b

Result (type 3, 124 leaves):

\/?\/;Cosh[x]

\/a—b+ (a+b) Cosh[2x]

- | |Cosh[x] |va ArcTanh| | -Va+b Log[V2 Va+b Cosh[x] +\/a—b+ (a+b) Cosh[2x] |

\/<a—b+(a+b) Cosh[2x]) Sech[x]? /(Ja—b+(a+b) COSh[ZX])

Problem 215: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JCoth [x]2+/a+bTanh[x]? dx

Optimal (type 3, 48leaves, 5steps):
Va+b ArcTanh| a+b Tanh(x]

a+bTanh[x]?

| - Coth[x] +/a+bTanh[x]?

Result (type 4, 192 leaves):
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\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?2
b

(a-b+ (a+b) Cosh[2x]) Csch[x]?

EllipticF [ArcSin|

b Vz

- (a—b+(a+b)Cosh[2x1)Csch[x]2—\/7(a+b)\/ ], 1]+

(a-b+ (a+b) Cosh[2x]) Csch[x]?
-b b) Cosh[2 Csch 2 b
\Ea\/ (abx (a+b) Cosh(2x]) Csch(x] EllipticPi| b , ArcSin| |, 1]

b a+b ﬁ

Tanh [x] / (\/7\/ (a-b+ (a+b) Cosh[2x]) Sech[x]>

Problem 216: Result more than twice size of optimal antiderivative.
JCoth[x]3x/a+bTanh[x]2 dx

Optimal (type 3, 83 leaves, 8steps):

(2a+b) ArcTanh | a+b Tanh [x)® ]

a+bTanh[x]?2 1
- Va ++/a+b ArcTanh| X | - = Coth[x]%+/a+bTanh[x]?
2+/a Ja+b 2

Result (type 3, 864 leaves):

a-b+acCosh[2x] +bCosh[2X]
1+ Cosh[2x]

—Log[Tanh[g}z] +

1+ Cosh[2x] a-b+ (a+b) Cosh[2x]
1+ Cosh[2Xx]

(1+ Cosh[x] )2

1 (3a+b) (1+Cosh[x])\/
2

Log[a+2b+aTanh[£}2+\E\/4bTanh[i}z+a [1+Tanh[§]2)2 } +Log[a+aTanh[£}2+2bTanh[i]2+
2 2 2 2 2
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/

4bTanh[ ]2+a (1+Tanh[§]2)2

X
2

2

\E\/4bTanh[z}2+a (1+Tanh[i]2)2 }

(—1+Tanh[§]2)2

1

4\5\/a7b+(a+b)(ﬁosh[2x] J(lJrTanh[X}z)z \/4bTanh[X]2+a(1+Tanh[x}2]2J+
2 2 2 \/afb+(a+b)C05h[2x]

a-b+ (a+b) Cosh[2x]
1+ Cosh[2x]

4Cosh[x]2\/—2b+a (1+Cosh[2x]) +b (1+Cosh[2x])

3 (a+b) 1+ Cosh[2x] \/

A/ a 1+Cosh[2x]

ArcTanh |
b (-1+Cosh[2x])+a (1+Cosh[2X]) 1
Coth[x] |- il X : + Log[a\/1+Cosh[2x] +b+/1+Cosh[2x] ++a+b

\/; a+b

\/b(—1+Cosh[2x])+a(1+Cosh[2x}>} Sinh[2 x] /(3 (1+Cosh[2x])2\/a—b+(a+b) Cosh[2 x]

(1+Cosh[x]) _LxCoshi2x] —Log[Tanh{i]z] +Log[a+2b+aTanh[i]2+\/?\/4bTanh[i}2+a (1+Tanh[£]2)2 ] +
<1+Cosh[x])2 2 2 2 2

Log[a+aTanh[i]2+2bTanh[£}2+\/a_\/4bTanh[i]2+a [1+Tanh[§]2)2}
2 2 2 2

[—1+Tanh[§}2] (1+Tanh[i]2)

4bTanh| ]2+a (1+Tanh[§]2)2

)/

[N

4+/a +/1+Cosh[2x] \/(1+Tanh[)2(]2)2\/4bTanh[x}2+a(1+Tanh[x]2)z]

(-1+Tanh[ ]2) 2 2

X
2

Problem 217: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.
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JCoth [x]%+/a+bTanh[x]? dx
Optimal (type 3, 78leaves, 6 steps):

v b Tanh 3a+b) Coth[x a+bTanh[x]%? 1
Va+b ArcTanh| a+b Tanhix] ] - (33+b) ] . X - = Coth[x]3+/a+bTanh[x]?

a+bTanh[x]? 38 3

Result (type 4, 558 leaves):
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(-4aCosh[x] -bCosh[x]) Csch[x] 1
- = Coth[x] Csch[x]?
3a 3

+

a-b+acCosh[2x] +bCosh[2X]
1+ Cosh[2x]

(a+b) b\/a‘b+<a+b>C°5h[2x] \/ aCoth[x]z\/ a (1+Cosh[2x]) Csch[x]? \/(a—b+(a+b)Cosh[2x])Csch[x]2
. _ _ _

1+ Cosh[2x] b b

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
b

Csch[2x] EllipticF[ArcSin| |, 1] sinh[x]* / (a(a-b+ (a+b) Cosh(2x])) |-

V2

1 a-b+ (a+b) Cosh[2x]

1+ Cosh[2X]

41b+1+Cosh[2Xx] \/
\/a—b+ (a+b) Cosh[2x]

Csch[2x]
b b

\/ aCoth[x]Z\/ a (1+Cosh[2x]) Csch[x]? \/<a—b+(a+b)Cosh[2x])Csch[x]2
N _

b

J (a-b+ (a+b) Cosh[2x]) Csch[x]2

EllipticF [ArcSin| +

|, 1] sinh[x]* /(4ax/1+Cosh[2x] \/afb+(a+b) Cosh[2x]

V2

Csch[2x]
b b

\/ aCoth[x}Z\/ a (1+Cosh[2x]) Csch[x]? \/(a—b+(a+b)Cosh[2x])Csch[x}2
o o=

(a-b+ (a+b) Cosh[2x]) Csch[x]?
b
, ArcSin| |, 1] sinh[x]* / (2 (a+b) ~/1+Cosh[2x] Ja—b+ (a+b) Cosh[2x]
a+b NeS

EllipticPi|




70 | 6.3 Hyperbolic tangent.nb

Problem 218: Result more than twice size of optimal antiderivative.
JCo‘ch[x]Sx/a+bTanh[x]2 dx

Optimal (type 3, 121 leaves, 9 steps):

(337 + 425 7] ArcTanh et 43+ b] Coth(x)? y/a < BTamn[]T
- 1 ++/a+b ArcTanh| },( a+b) Coth[x]?+/a+bTanh[x]

8 33/2 /—a b 8a 4
Result (type 3, 911 leaves):

a+bTanh[x]?

6a+b
- +
8a 8a 4

(-8a-b) Csch[x]? csch[x]*

+

a-b+aCosh[2x] +bCosh[2x]
1+ Cosh[2Xx]

4a

1+ Cosh[2x] a-b+ (a+b) Cosh[2x]
1+ Cosh[2x]

L (6a®+2ab-b? (1+Cosh[x])\/

(1+Cosh[x] )2

2

—Log{Tanh[i]z] +Log[a+2b+aTanh[i]2+\/?\/4bTanh[i}2+a (1+Tanh{i]2)
2 2 2 2

4bTanh[§]2+a (1+Tanh[§]2)2

\E\/4bTanh[z}2+a (1+Tanh[i]2)2}

2

el o3]S

1

4\5\/a—b+(a+b) Cosh[2 x] J(lJrTanh[X}z)z \/4bTanh[X]2+a(1+Tanh[X 2

2
-
B 2 2 ) \/afb+(a+b)Cosh[2x]

a-b+ (a+b) Cosh[2x]

4C05h[x]2\/—2b+a (1+Cosh[2x]) +b (1+Cosh[2x])

3 (2a*+2ab) 1+ Cosh[2x]
1+ Cosh[2Xx]

1+Cosh |2
Ar‘cTanh[ Va_/1+Cosh(2x]

b (-1+Cosh[2x])+a (1+Cosh[2X]) 1
Coth[x] |- l X : + Log[a\/1+Cosh[2x] +b+/1+Cosh[2x] ++a+b

\/; a+b

/

1
- = Coth[x]*

]+Log[a+aTanh[i]2+2bTanh[i}2+
2 2

a+bTanh[x]?
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\/b(—1+Cosh[2x]) a<1+Cosh[2x])} Sinh[2 x] /(3 (1+Cosh[2x])2\/a—b+(a+b) Cosh[2 x]

(1+Cosh[x]) _LrCoshi2x] —Log[Tanh{i]z] +Log[a+2b+aTanh[i]2+\/?\/4bTanh[i}2+a (1+Tanh[£]2)2 ] +
<1+Cosh[x])2 2 2 2 2

Log[a+aTanh[§]2+2bTanh[§}2+\/a_\/4bTanh[§]2+a [1+Tanh[§]2)2 }] [—1+Tanh[§}2] (1+Tanh[§]2)

4bTanh[§]2+a(1+Tanh[§]2)2 /

4+/a +/1+Cosh[2x] \/(1+Tanh{§]2)2\/4bTanh[§}2+a(1+Tanh{§]z)z]

(71+Tanh[§]2>2

Problem 219: Result more than twice size of optimal antiderivative.

JTanh [x]? (a+bTanh[x] 2>3/2 dx

Optimal (type 3, 82leaves, 7 steps):

a+bTanh[x]?

+bTanhix12)5/2
] - (a+b)~Ja+bTanh(x]? L (a+bTanh[x]2)>? - (2 anh (x]?)

Va+b 3 5b
Result (type 3, 184 leaves):

(a+b) */2 ArcTanh |
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1 3 a2
—— -23b-
b

(a-b+ (a+b) Cosh[2x]) Sech[x]* |-26a-
15+/2

\/a+b\/(a—b+(a+b)Cosh[2x])Sech[i]4
15+/2 (a+b)*? Cosh[x] Log[—Sech[i}z]—Log[a+b+
2

= +(a+b) Tanh[;ﬁ Sech[g]z/

[J(ab+ (a+b) Cosh[2x]) Sech[i]4 + (6a+11b) Sech[x]?-3bSech[x]*
2

Problem 220: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JTanh [x]? (a+bTanh[x] 2>3/2 dx

Optimal (type 3, 123 leaves, 8 steps):
(3a?+12ab+8b?) Ar‘cTanh[Mm—}

. 2 \/ b Tanh
_ abTanhi)” | <a+b>3/2 ArcTanh | a+b Tanh(x] ] -
8/b. a+bTanh[x]?
1 2 1 3/ 2
— (5a+4b) Tanh[x] y/a+bTanh[x]? - =bTanh[x]?+/a+bTanh[x]
8 4

Result (type 4, 584 leaves):
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1
4

b (a-aab-ab?] a-b+ (a+b) Cosh[2x] aCoth[x]2 a (1+Cosh[2x]) Csch[x]? (a-b+ (a+b) Cosh[2x]) Csch[x]?
1+ Cosh[2Xx] b b

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
b

V2

Csch[2x] EllipticF[ArcSin| |, 1] sinh[x]* / (a(a-b+ (a+b) Cosh[2x])) |-

1 a-b+ (a+b) Cosh[2x]

1+ Cosh[2x]

4ib(4a’>+8ab+4b’) /1+Cosh[2x] \/

Ja—b+ (a+b) Cosh[2x]

Csch[2x]
b b

\/ aCoth[x]Z\/ a (1+Cosh[2x]) Csch[x]? \/(ab+(a+b)Cosh[2x])Csch[x]2
—_ Jl —_ —_

b

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?

EllipticF[ArcSin| +

|, 1] sinh[x]* /(4a\/1+Cosh[2x] \/a—b+(a+b) Cosh[2x]

V2

\/ aCoth[x]Z\/ a (1+Cosh[2x]) Csch[x]? \/(ab+(a+b)Cosh[2x])Csch[x}2
PR il Sor D

Csch[2x]
b b b
(a-b+ (a+b) Cosh[2x]) Csch[x]?
b
EllipticPi]| , ArcSin| |, 1] sinh[x]* / (2 (a+b) +/1+Cosh[2x] \/a—b+ (a+b) Cosh[2x] +
a+b A2

1 1
—Sech[x] (-5aSinh[x] -6bSinh[x]) + = bSech[x]*Tanh[x]
8 4

a-b+acCosh[2x] +bCosh[2Xx]
1+ Cosh[2x]
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Problem 221: Result more than twice size of optimal antiderivative.

JTanh [x] (a+bTanh[x]?) 32 9x

Optimal (type 3, 63 leaves, 6 steps):

b h 2
(a+b)3/2Ar‘cTanh[ a+b Tanhx]

] - (a+b)/a+bTanh(x]? 1 (a+bTanh[x]2)>"?

Va+b 3
Result (type 3, 164 leaves):

1
7\/(a—b+ (a+b) Cosh[2x]) Sech[x]? |-
V2

w b

<a+b)—

x/a+b\/(ab+<a+b)Cosh[2x])Sech[§]4
V2 (a+b)*?Cosh[x] Log[—Sech[i]z}—Log[a+b+
2

+ (a+b) Tanh[=]*]| sech[ ]’

N2 2 2 /

[J(ab+ (a+b) Cosh[2x]) Sech[i]4 +1bSech[x}2
2 3

Problem 223: Result more than twice size of optimal antiderivative.

JCoth [x] (a+bTanh[x]?) 32 9x

Optimal (type 3, 71leaves, 8steps):

a+bTanh[x]? a+bTanh[x]?2

| + (a+b)*?ArcTanh | | -b~/a+bTanh[x]?

\/? Va+b
Result (type 3, 872leaves):

-a’/2 ArcTanh |
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+

b a-b+acCosh[2x] +bCosh[2Xx]
1+ Cosh[2x]

—Log[Tanh[i]z} +Log[a+2b+aTanh[§]2+
2 2

2

1+ Cosh[2x] a-b+ (a+b) Cosh[2x]
2 1+ Cosh[2x]

1 (3a-2ab-b?) (1+Cosh[x])\/

(1+Cosh[x])

\E\/4bTanh[)2(}2+a [1+Tanh[i]2)2 } +Log[a+aTanh[X}2+2bTanh[X]2+\/?J4bTanh[X]2+a (1+Tanh[i]2)2 }J

2 2 2 2 2

4bTanh| ]2+a (1+Tanh[§]2)2

X
2

(—1+Tanh[§}2] (1+Tanh[§]2)

/

4\/?x/a—b+(a+b)Cosh[2x] J(1+Tanh[z}2J2 \/4bTanh[)2(]2+a(1+Tanh[)2(}2J2]+

(—1+Tanh[§]2)2

1 a-b+ (a+b) Cosh[2x]

1+ Cosh[2x]

3 (a*+2ab+b®) \/1+Cosh[2x] J
\/a—b+ (a+b) Cosh[2x]

Ar‘cTanh[ va +/1+Cosh[2x]

b (-1+Cosh[2x])+a (1+Cosh[2x])
4Cosh[X]2\/—2b+a(1+Cosh[2x})+b(1+Cosh[2x}> Coth[x] |- J oshi2x])ra (1rCosh[2x .

Va

1

Log[a+/1+Cosh[2x] +b~/1+Cosh[2x] ++a+b \/b(71+Cosh[2x])+a(1+Cosh[2x}) ]
a+b

Sinh[2 x] /(3 (1+Cosh[2x])2\/a—b+(a+b) Cosh[2x] )_
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<1+Cosh[x]) LxCoshi2x] —Log[Tanh[i]z] +Log[a+2b+aTanh[X]2+\E\/4bTanh[X}2+a (1+Tanh[i]2)2 ] *
<1+Cosh[x])2 2 e 2 2

Log[a+aTanh[)2(]2+2bTanh[)2(}2+\/?\/4bTanh[)2(]2+a [1+Tanh[§]2)2 }] [71+Tanh[i}2] (1+Tanh[§]2)

4bTanh| ]2+a (1+Tanh[§]2)2

N X

/

4\/?\/m\/(1+Tanh[§]2)z \/4bTanh[£}2+a(1+Tanh[§]2)2]

(—1+Tanh[ ]2)2 2 2

X
2

Problem 224: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JCo‘ch[x]2 (a+ bTanh[x}Z)B/2 dx

Optimal (type 3, 77 leaves, 7 steps):

b Tanh[x \Ja+b Tanh[x
~b%2 ArcTanh | Vb [x] | + (a+b)*?ArcTanh| - [x] | ~acCoth(x] «/a+bTanh[x]?
a+bTanh[x]? a+bTanh[x]?

Result (type 4, 197 leaves):

(a-b+ (a+b) Cosh[2x]) Csch[x]?
b

-1la (a—b+(a+b)Cosh[2x])Csch[x]z—\/?<a+2b)\/

J (a-b+ (a+b) Cosh[2x]) Csch[x]?
b

(a-b+ (a+b) Cosh[2x]) Csch[x]?
b

EllipticF [ArcSin|

Nox },1]+\E(a+b)\/

b

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?

EllipticPi| » ArcSin|

|, 1] | Tanh[x] /(\/7\/<a—b+(a+b) Cosh[2x])Sech[x]2)
a+b Jz
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Problem 229: Result more than twice size of optimal antiderivative.
5
J Tanh [x] dx
a+bTanh[x]?
Optimal (type 3, 70leaves, 6 steps):
ArcTanh [ 1/ a+b Tanh sz ]

— (a-b)~/a+bTanh[x]? (a+bTanh[x]2)3/2

+ —

Va+b b? 3 b?
Result (type 3, 313 leaves):

2 (a-2b) sech[x]2
+
3 b2 3b

a-b+acCosh[2x] +bCosh[2X]
1+ Cosh[2x]

-b b) Cosh[2
+ (1+Cosh[X])\/(1+COSh[2X] \/a +(a+b) Cosh[2x]

1+Cosh[x])? 1+ Cosh[2x]

Log[—1+Tanh[§]2] —Log[a+b+aTanh[§]2+bTanh[§]2+\/a+b \/4bTanh[£}2+a (1+Tanh[§]2)2 ]]
2 2 2 2 2

(—1+Tanh[§]2) [1+Tanh[§]2) 4bTanh[§}2+a (1+Tanh[§]2)2 /

(—1+Tanh[ﬂ2)2

2 2 2

[\/m\/a_m(mb)cosh[“] \/(1+Tanh[f}2]2\/4bTanh[£]2+a(1+Tanh[f}2]2]

Problem 230: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J Tanh[x]*
dx
a+bTanh[x]?
Optimal (type 3, 88leaves, 7 steps):
(a -2 b) ArcTanh [ M] ArcTanh [ ~/a+b Tanh[x]_

a+b Tanh[x]? a+b Tanh[x]? Tanh[x] a+ bTanh[X]2
+ _
2032 Jaib 2b

Result (type 4, 542 leaves):
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1] (a—b)b afb+(a+b)Cosh[2x] _aCoth[x]Z

a (1+Cosh[2x]) Csch[x]? (a-b+ (a+b) Cosh[2x]) Csch[x]?

b 1+ Cosh[2x] b

) b b

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
b

Csch[2x] EllipticF [Ar‘cSin [

V2

|, 1] Sinh[x]“/(a (a-b+ (a+b) Cosh[2x]))| -

1

a-b+ (a+b) Cosh[2x]

41 b?+/1+ Cosh[2x]

Ja—b+ (a+b) Cosh[2x]

1+ Cosh[2Xx]

Csch[2x]

|, 1] sinh[x]* /(4a\/1+Cosh[2x] \/a—b+(a+b) Cosh[2x]

Csch[2x]

. aCoth[x]2 a (1+Cosh[2x]) Csch[x]? (a-b+ (a+b) Cosh[2x]) Csch[x]?
—_ ]l —_ —_
b b b
\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
b
EllipticF[ArcSin|
V2
aCoth[x]?2 a (1+Cosh[2x]) Csch[x]? (a-b+ (a+b) Cosh[2x]) Csch[x]?
b b b

(a-b+ (a+b) Cosh[2x]) Csch[x]?

b

EllipticPi| , ArcSin|

a+b A2

|, 1] sinh[x]* /

+
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a-b+aCosh[2 x]+b Cosh[2x] Tanh [X]
1+Cosh[2x]

(2 (a+b) +/1+Cosh[2x] \/a—b+ (a+b) Cosh[2x]

2b

Problem 231: Result more than twice size of optimal antiderivative.
J\ Tanh[x]3 dx
a+bTanh[x]?

Optimal (type 3, 47 leaves, 5steps):

a+b Tanh[x]?
ArcTanh | =5 ] a+bTanh[x]?2

Va+b b
Result (type 3, 227 leaves):

Va+b \/(ab+ (a+b) Cosh[2x]) Sech[i]4
X 2

- | |sech] ]2 4 b Cosh[x] Log[—Sech[i}z] ~4bCosh[x] Log[a+b+ + (a+b) Tanh[i}z} +

2 2 Jz 2

X
2 2

\/7\/a+b\/(a—b+(a+b)Cosh[2x})Sech[ }4 +/2 Va+b Cosh[x]J(a—b+(a+b)Cosh[2x])Sech[X]4

\/<a—b+ (a+b) Cosh[2x]) Sech[x]? /

4b~/a+b \/(a—b+ (a+b) Cosh[2x]) Sech| ]4

X
2

Problem 232: Result unnecessarily involves higher level functions.

J Tanh[x]?
dx
a+bTanh[x]?
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Optimal (type 3, 60 leaves, 6 steps):

Ar‘cTanh[L[—Lb Tanh [ } Ar‘cTanh[L[—L‘_’Hb Tanh [ ]
a+b Tanh[x]? a+b Tanh[x]?
- +
\/F Vva+b

Result (type 4, 101 leaves):

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
b

- | |aCoth[x] EllipticPi| , ArcSin |

, 1 -b b) Cosh[2 Sech 2/
- s ] ]\/(a + (a+b) Cosh[2x]) Sech[x]

) (a+b)\/ (a-b+ (a+b) Cozh[Zx]) Csch[x]?2

Problem 233: Result more than twice size of optimal antiderivative.
J Tanh[Xx] dx
a+bTanh[x]?

Optimal (type 3, 29 leaves, 4 steps):

2
Ar‘cTanh[ a+bTa";[X] ]
a+

\VJa+b
Result (type 3, 136 leaves):

m\/(ab+(a+b)Cosh[2x}>Sech[§}4
- | |Cosh[x] Log[—Sech[i]z] ~Logla+b+ + (a+b) Tanh[i]z]
2

\/? 2

X

Sech[
2

]2\/<a—b+(a+b)Cosh[2x])Sech[x]2 /[\/a+bJ(ab+(a+b)Cosh[2x])Sech[ }4

X
2
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Problem 234: Result more than twice size of optimal antiderivative.

1
J dx
a+bTanh[x]?

Optimal (type 3, 31leaves, 3 steps):
Ar‘cTanh[ \/a+b Tanh[x

a+b Tanh[x]?

\Va+b
Result (type 3, 83 leaves):

-Log[1-Tanh[x]] +Log[1+ Tanh[x]] —Log[a—bTanh[x] ++va+b +/a+bTanh[x]? ] +Log[a+bTanh[x] ++va+b A/a+bTanh[x]? })

2+a+b

Problem 235: Result more than twice size of optimal antiderivative.
J Coth[x] dx
a+bTanh[x]?

Optimal (type 3, 56 leaves, 7 steps):

ArcTanh| a+bLaih[X]2 | ArcTanh| a+vaa7n:[x]2 ]
a a+

- +

\E a+b
Result (type 3, 161 leaves):

V1+Cosh[2x]
\/Cosh[x]? |-+/a+b ArcTanh| Va V1 Cosh[2x] | +Va Log[a+/1+Cosh[2x] +b~/1+Cosh[2x] ++a+b \/afb+(a+b) Cosh[2x] |
\/a—b+(a+b) Cosh[2x]

\/(a—b+ (a+b) Cosh[2x]) Sech[x]? /(\E\/aer \/a—b+ (a+b) Cosh[2x]
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Problem 236: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J Coth[x]2
dx
a+bTanh[x]?
Optimal (type 3, 51leaves, 5steps):
ArcTanh \/a+b Tanh[x

a+b Tanh[x]2 Coth[x] ~/a+b Tanh[x]?
Va+b a

Result (type 4, 206 leaves):

- (a+b) (a-b+ (a+b) Cosh[2x]) Csch[x]?-

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
b

-b b) Cosh[2 Csch 2
V2 a (a+b) \/ (a-b+ (a+b) Cosh[2x]) Cschix] EllipticF [ArcSin|

] 1]+
b vz
(a-b+ (a+b) Cosh[2x]) Csch[x]2
-b b) Cosh[2 Csch 2 b
ﬁaz\/ (a + (a+ ) osh| X]) sch[x] EllipticPi[ b ,Ar‘cSin[ ], 1]
b a+b ﬁ

Tanh [x] /(\/Ta (a+b) \/(a—b+ (a+b) Cosh[2x]) Sech[x]z)

Problem 237: Result more than twice size of optimal antiderivative.

J Coth[x]3
dx
a+bTanh[x]?
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Optimal (type 3, 88leaves, 8steps):
(2a-b) ArcTanh| m} A"CTa“h[@] Coth[x]2+/a+bTanh[x]?2

a a+b
— + _

2 33/2 “Ja+b 2a
Result (type 3, 874 leaves):

1  Csch[x]?
2a 2a

+

a-b+aCosh[2x] +bCosh[2x]
1+ Cosh[2Xx]

—Log[Tanh[i}z} +Log[a+2b+aTanh[i]2+
2 2

2a

1+ Cosh[2x] a-b+ (a+b) Cosh[2x]
2 1+ Cosh[2x]

L (3a-2b) <1+Cosh[x])\/

(1+Cosh[x])

\/?\/4bTanh[§}2+a (1+Tanh[§]2)2 ] +Log[a+aTanh[§}2+2bTanh[§]2+\/?\/4bTanh[§]2+a [1+Tanh[§]2)2 }J

4bTanh[ ]2+a (1+Tanh[§]2)2

X
2

(—1+Tanh[§}2] (1+Tanh[§]2)

/

4\5\/afb+ (a+b) Cosh[2x]

(—1+Tanh[§]2)2

\/(1+Tanh[5}2]2 \/4bTanh[i]2+a (1+Tanh[£}2]2 J )

2 2

1 a-b+ (a+b) Cosh[2x]
3a+/1+Cosh[2x] 4Cosh[x12\/—2b+a (1+Cosh[2x]) +b (1+Cosh[2x])
\/a—b+(a+b)Cosh[2x] 1+Cosh[2x]
ArcTanh [ v/a +/1+Cosh[2x]
b (-1+Cosh[2x]) +a (1+Cosh[2X]) 1
Coth[x] |- l SSRGS R + Log[a~/1+Cosh[2x] +b+/1+Cosh[2x] ++a+b
\/? va+b

\/b(—1+Cosh[2x])+a(1+Cosh[2x})} Sinh[2 x] /(3 (1+Cosh[2x])2\/a—b+(a+b) Cosh[2x] )—
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<1+Cosh[x]) LxCoshi2x] —Log[Tanh[i]z] +Log[a+2b+aTanh[X]2+\E\/4bTanh[X}2+a (1+Tanh[i]2)2 ] *
<1+Cosh[x])2 2 e 2 2

Log[a+aTanh[)2(]2+2bTanh[)2(}2+\/?\/4bTanh[)2(]2+a [1+Tanh[§]2)2 }] [71+Tanh[i}2] (1+Tanh[§]2)

4bTanh| ]2+a (1+Tanh[§]2)2

(—1+Tanh[ ]2)2 /

X
2

N X

4\/?\/m\/(1+Tanh[§]2)z \/4bTanh[£}2+a(1+Tanh[§]2)2]

2 2

Problem 238: Result more than twice size of optimal antiderivative.

5
J( Tanh[x] dx

a+bTanh[x]2)3/2

Optimal (type 3, 72leaves, 6 steps):

a+b Tanh[x]?
ArcTanh | - ] 22 a+bTanh[x]2

<a+b)3/2 - b2

b? (a+b) /a+bTanh[x]?

Result (type 3, 200 leaves):

1 |-2a%+b?- (2a%*+2ab+b?) Cosh[2x]
V2 | b?*(a+b) (a-b+ (a+b) Cosh[2x])

Va+b \/(a—b+ (a+b) Cosh[2x]) Sech[f]4
X2

/2 Cosh(x] |Log[-Sech[=]"] - Log[a+b+
2

+ (a+b) Tanh[i}z} Sech[i]2

V2 2 2 /

[(a+b)3/2\/(a—b+ (a+b) Cosh[2x]) Sech[i}4

\/(a—b+ (a+b) Cosh[2x]) Sech[x]?
2
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Problem 239: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J Tanh[x]* dx
(a+bTanh[x]2)*?

Optimal (type 3, 84 leaves, 7 steps):
Ar‘cTanh{JLf—]—b Tanhixl | Ar‘cTanh{—*Lu—a+b Tanhix] ]

/ a+b Tanh[x]?2 a+b Tanh[x]?2 a Tanh[x]
- + +
3/2 3/2
b (a+b) b (a+b)+/a+bTanh[x]?

Result (type 4, 188 leaves):

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?

(a-b+ (a+b) Cosh[2x]) Csch[x]? b

-|]a —2a—2b+\/7(a+b)\/

EllipticF [ArcSin| ], 1]+
b vz
(a-b+(a+b) Cosh[2x]) Csch[x]?
-b b) Cosh[2 Csch[x]? b
\Eb\/ (a-b= (arb) Cosh[2x]) Csch[x) EllipticPi| ° , ArcSin| |, 1]
b a+b V2

Tanh[x] /(\/Tb (a+b)2\/(a—b+ (a+b) Cosh[2x]) Sech[x]?

Problem 240: Result more than twice size of optimal antiderivative.

Tanh[x]3
J dx
(a+bTanh[x]?) 3/2
Optimal (type 3, 52 leaves, 5 steps):
ArcTanh [3{a+bTanh x]2 ]

a+b a
+

b (a+b)+/a+bTanh[x]?

(a+b)3/2



86 | 6.3 Hyperbolic tangent.nb

Result (type 3, 178 leaves):

1 2 aCosh[x]?
V2 | b (a+b) (afb+ <a+b) Cosh[ZX])

Ja+b \/(a—b+ (a+b) Cosh[2x]) Sech[f]4
V2

\/2 Cosh[x] Log[—Sech[i}z] -Logla+b+
2

+ (a+b) Tanh[g}z} Sech[z]2 /

5}4

\/(a—b+ (a+b) Cosh[2x]) Sech[x]?
2

[(a+b)3/2\/(a—b+ (a+b) Cosh[2x]) Sech|

Problem 241: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J Tanh[x]? dx
(a+bTanh[x]?)*?

Optimal (type 3, 53 leaves, 4 steps):
Ar‘cTanh[ \a+b Tanh[x] ]

a+b Tanh[x]? Tanh [Xx]

(a+b)3/2 (a+b)~/a+bTanh[x]?

Result (type 4, 182leaves):
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\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?2
b

-b+ +b) Cosh[2 Csch 2
N2 (a+b) (2 (2 +b) Cosh[2x]) Cschix] EllipticF [ArcSin|
b \/7

(a-b+ (a+b) Cosh[2x]] Cschix]?

a\/ (a-b+ (a+b) Cosh[2x]) Csch[x]? ElliptiCPi[L, ArcSin[J b ], 1]
b a+b V2

2|la+b+

V2

Tanh[x] /(\/? (a+b)2\/(afb+<a+b) Cosh[2x]) Sech[x]?

Problem 242: Result more than twice size of optimal antiderivative.

J Tanh [x] dx
(a+bTanh[x]2)*?

Optimal (type 3, 49leaves, 5steps):

2
Ar'cTanh[ a+bTa";[X] ] 1
a+

(a+b)3/2 (a+b)+/a+bTanh[x]?

Result (type 3, 174 leaves):
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1 2 Cosh[x]?

V2 | (a+b) (a-b+ (a+b) Cosh[2x])

Va+bJ(ab+(a+b)Cosh[2x])Sech[i]4
X 42 2
/2 Cosh[x] |Log[-Sech[=]"] -Log[a+b+
2

+ (a+b) Tanh[=]*]| sech[ ]

V2 2 2 /

[(a+b)3/2\/(ab+ (a+b) Cosh[2x]) Sech[i}4 \/(afb+ (a+b) Cosh[2x]) Sech[x]?

2

Problem 244: Result more than twice size of optimal antiderivative.

J Coth[x] dx
(a+bTanh[x]2)*?

Optimal (type 3, 78 leaves, 8 steps):

Ar‘cTanh[ a+b Tanh[x]* } Ar‘cTanh[ a+b Tanh [x)* ] b
B \/? . a+b .
a’? (a+b)3/2 a (a+b) a+bTanh[x]2

Result (type 3, 903 leaves):

b 2 b?

+ +

a(a+b)? a(a+b)®(a-b+aCosh[2x] +bCosh[2x])

a-b+acCosh[2x] +bCosh[2X]
1+ Cosh[2x]

1
2a(a+b)

1+ Cosh[2x] a-b+ (a+b) Cosh[2x]
1+ Cosh[2Xx]

(3a+4b) (1+Cosh[x])\/

(1+ Cosh[x] )2

(Log[Tanh[X]z] +Log[a+2b+aTanh[X]2+\E\/4bTanh[X]2+a (1+Tanh[i]2)2 ] +
2 2 2 2
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Log[a+aTanh[)2(]2+2bTanh[z}2+\E\/4bTanh[z}2+a [1+Tanh[§]2)2 }J (71+Tanh[i}2] (1+Tanh[i]2)

X X
2 2

4bTanh| ]2+a(1+Tanh[ ]2)2 /

2 2 2

4+/a \Ja-b+ (a+b) Cosh[2x] \/(1+Tanh[i]2)2J4bTanh[§]2+a(1+Tanh[£]2)2]+

(—1+Tanh[§]2)2

1 a-b+ (a+b) Cosh[2x]
3a+/1+Cosh[2x] 4Cosh[x}2\/—2b+a (1+Cosh[2x]) +b (1+Cosh[2x])
\/afb+(a+b) Cosh[2x] 1+Cosh[2x]
ArcTanh [ v/a /1+Cosh[2x]
b (-1+Cosh[2x])+a (1+Cosh[2 1
Coth[x] |- oshizx])za (BrCoshlzxl) | Log[a+/1+Cosh[2x] +b+/1+Cosh[2x] ++a+b
\/? vJa+b

\/b(—1+Cosh[2x]) a(1+Cosh[2x]) ||Sinh[2x] /(3 (1+Cosh[2x])2\/a—b+(a+b) Cosh[2x]

(1+Cosh[x]) _LrCoshi2x] —Log[Tanh{i]z] +Log[a+2b+aTanh[£]2+\/?\/4bTanh[i}2+a (1+Tanh[£]2)2 ] +
<1+Cosh[x])2 2 2 2 2

Log[a+aTanh[§]2+2bTanh[§}2+\/a_\/4bTanh[§]2+a [1+Tanh[§]2)2 }] [—1+Tanh[§}2] (1+Tanh[§]2)

4bTanh[§]2+a(1+Tanh[§]2)2 /

4~/a \/1+Cosh[2x] \/(1+Tanh{§]2)2\/4bTanh[§}2+a(1+Tanh{§]z)z]

(71+Tanh[§]2>2

Problem 245: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.
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J Coth[x]? dx
(a+bTanh[x]2)*?

Optimal (type 3, 85leaves, 6 steps):
Ar‘cTanh[ +/a+b Tanh[x

a+b Tanh[x]2 b Coth[x] <a+2b> Coth[x] a+bTanh[x]?2
N _
(a+b)3/2 a(a+b)+/a+bTanh[x]? a? (a+b)
Result (type 4, 230 leaves):
- (a+b) (a®-2b*+ (a®+2ab+2b?) Cosh[2x]) Csch[x]? -
(a-b+ (a+b) Cosh[2x]) Csch[x]?
-b b) Cosh[2 Csch 2 b
V2 a? (a+b) \/ (a-b+ (a+b) Cosh[2x]) Cschix] EllipticF [ArcSin| |, 1]+
b \/?
(a-b+ (a+b) Cosh[2x]) Csch[x]2
-b b) Cosh[2 Csch 2 b
\/7a3\/ (a-b+ [a+b) Cosh[2x]) Cschix] EllipticPi| b , ArcSin]| |, 1]
b a+b \/?

Sech[x]2Sinh[2 X] /(Zx/fa2 (a+b)2\/(a—b+ (a+b) Cosh[2x]) Sech[x]?

Problem 246: Result unnecessarily involves higher level functions.

J Tanh[x]® 4
X
(a+bTanh[x]2)>?

Optimal (type 3, 118 leaves, 8steps):
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Ar‘cTanh[JLu—b Tanh[x ] Ar‘cTanh[—\LM Tanh[x ]

+/ a+bTanh[x]? a+b Tanh[x]? aTanh[x]3 a (a+2b) Tanh [x]
- + + +
5/2 5/2 3/2
b (a+b)* 3b (a+b) (a+bTanh[x]?) b2 (a+b)2 a+bTanh[x]2

Result (type 4, 231 leaves):
1

312 b? (a+b)?

\/ (a-b+ (a+b) Cosh[2x]) Csch[x]?
b

\/ (a-b+ (a+b) Cosh[2x]) Sech[x]? |- 3+/2 acCoth[x] (a®>+3ab+2b?) El1lipticF[ArcSin| |, 1]+
V2
(a-b+ (atb) Cosh[2x]) Csch[x]2
b b
b EllipticPi| , ArcSin| |, 1] /
a+b Ney
. (a-b+ (a+b) Cosh[2x]) Csch[x]? a(a+b) (3a2+2ab-7b?+ (3a?+10ab+7b?) Cosh[2x]) Sinh[2X]
+

b (afb+(a+b>C05h[2x])2

Problem 247: Result more than twice size of optimal antiderivative.

Tanh[x]°
J dx
(a+bTanh[x]?) >/2
Optimal (type 3, 84 leaves, 6 steps):
ArcTanh [3{a+bTanh x]2 ]

b a2 a (a+2b)

- +
(a+b)®? 3b% (a+b) (a+bTanh[x]2)>"? b (a+b)?+/a+ bTanh[x]?

Result (type 3, 376 leaves):
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2a(a+3b) 432 2a(a+6b)
- +

3b2 (a+b)®> 3 (a+b)’(a-b+aCosh[2x]+bCosh[(2x])? 3b(a+b)®(a-b+aCosh[2x] +bCosh[2x])

+

a-b+acCosh[2x] +bCosh[2X]
1+ Cosh[2x]

-b b) Cosh[2
(1+Cosh[x])\/(1+COSh[2X] \/a + (a+b) Cosh[2x]

1+ Cosh[x])? 1+ Cosh[2x]

Log[—1+Tanh[£]2] —Log[a+b+aTanh[£]2+bTanh[i]2+\/a+b \/4bTanh[£}2+a (1+Tanh[i]2)2 ]
2 2 2 2 2

4bTanh[§]2+a (1+Tanh[§}2)2

2 2

/[(a+b)5/2\/ab+(a+b)Cosh[2x] J(lJrTanh[X}z)z\/4bTanh[)2(]2+a(1+Tanh[x}2)2J

(—1+Tanh[§]2)2

Problem 248: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

4
J Tanh [x] dx
(

a+bTanh[x]2)>?

Optimal (type 3, 90leaves, 6 steps):

Ar‘cTanh[ +/a+b Tanh[x ]
a+b Tanh[x)2 aTanh[x] (a+4b) Tanh [x]
+

<a+b)5/2 3b (a+b) (a+bTanh[x}2)3/2 ';’»b(aer)2 a+bTanh[x]?2

Result (type 4, 595 leaves):



6.3 Hyperbolic tangent.nb | 93

b\/ab+ (a+b) Cosh[2x]

1+ Cosh[2x]

\/ aCoth[x]Z\/ a (1+Cosh[2x]) Csch[x]? \/(ab+(a+b)Cosh[2x})Csch[x]2

x]) Csch[x]?

\/ (a-b+ (a+b) Cosh[2
b

ArcSin|

V2

\/ab+ (a+b) Cosh[2x]

1+ Cosh[2x]

Csch[2 x] E11lipticF [Ar‘cSin [

. 1] sinh(x1*| / (a(a-b+ (a+b) coshi2x])) | -

Csch[2x] EllipticF|

b b

1

41b+/1+Cosh[2Xx]

\/a—b+ (a+b) Cosh[2x]

\/ aCoth[x]z\/ a (1+Cosh[2x]) Csch[x]? \/(ab+(a+b)Cosh[2x})Csch[x}2
. _

b b

2x]) Csch[x]?

J (a-b+ (a+b) Cosh|[
b

V2

+

], 1] Sinh[x}4/(4a\/1+Cosh[2x] \/afb+(a+b) Cosh[2x]

b

\/ aCoth[x}Z\/ a (1+Cosh[2x]) Csch[x]?
1 - _

J

\/ (a—b+ (a+b> COSh[ZX]) Cschix)” Csch[2x]

b

(a-b+ (a+b) Cosh[2x]) Csch[x]?

b

EllipticPi , ArcSin| |, 1] sinh[x]* / (2 (a+b) /1+Cosh[2x] \/afb+ (a+b) Cosh[2x] +
a+b ﬁ
a-b+acCosh[2x] +bCosh[2Xx] 2 aSinh[2Xx] 4 Sinh[2x]

1+ Cosh[2x]

3 (a+b)2 (a-b+acCosh[2x] +bCosh[2x])

z 3 (a+b>2 (a-b+aCosh[2x] +bCosh[2x])
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Problem 249: Result more than twice size of optimal antiderivative.

J Tanh[x]3 dx
(a+bTanh[x]2)>?

Optimal (type 3, 74 leaves, 6 steps):

2
ArcTanh [ a+b Tanh [x] ] 3 1
a+b . B

(a+b)5/2 3b(a+b) (aerTanh[x}Z)s/2 (a+b)2

a+bTanh[x]?

Result (type 3, 372leaves):

a-3b 4ab 2(2a—3b)

+ +

3b (a+b)3 3 <a+b>3 (a-b+aCosh[2x] +bCosh[2x}>2 3 (a+b)3 (a-b+aCosh[2x] +bCosh[2x])

+

a-b+acCosh[2x] +bCosh[2X]
1+ Cosh[2x]

-b b) Cosh[2
(1+Cosh[x])\/(1+COSh[2X] \/a + (a+b) Cosh[2x]

1+ Cosh[x])? 1+ Cosh[2x]
Log[—1+Tanh[§]2]—Log[a+b+aTanh[£]2+bTanh[i]2+\/a+b\/4bTanh[£}2+a(1+Tanh[§]2)2] (—1+Tanh[£}2] (1+Tanh[§}2)

2 2 2 2 2 2 2
4bTanh[§]2+a(1+Tanh[ﬂ2)2

2 /[<a+b)5/wab*(a*b> Cosh[2x] J(“Tanh[x}z]z \/4bTanh[)2(]2+a(1+Tanh[x}2)2J

(—1+Tanh[§]2) 2 2

Problem 250: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

2
j Tanh [x] dx
(

a+bTanh[x]?)>?

Optimal (type 3, 88leaves, 6 steps):

Ar‘cTanh[ /a+b Tanh[x ]
a+bTanh(x]2 Tanh[x] (2a-b) Tanh[x]

(a+b)®? 3 (a+b) (a+bTanh(x]?)>? 3a(a+b)?+/a+bTanh[x]?

Result (type 4, 608 leaves):
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b\/ab+ (a+b) Cosh[2x]

1+ Cosh[2x]

aCoth[x]Z\/ a(1+Cosh[2x})Csch[x]2\/(ab+(a+b)Cosh[2x})Csch[x]2
b b

(a-b+ (a+b) Cosh[2x]) Csch[x]?
b 1

ArcSin|

V2

\/ab+ (a+b) Cosh[2x]

1+ Cosh[2x]

Csch[2 x] E11lipticF [Ar‘cSin [

Csch[2x] EllipticF|

. 1] sinh(x1*| / (a(a-b+ (a+b) coshi2x])) | -

41b+/1+Cosh[2Xx]

\/a—b+ (a+b) Cosh[2x]

\/ aCoth[x]z\/ a (1+Cosh[2x]) Csch[x]? \/(ab+(a+b)Cosh[2x})Csch[x}2
. _

b b

J (a-b+ (a+b) Cosh[2x]) Csch[x]?
b

V2

\/ aCoth[x}Z\/ a (1+Cosh[2x]) Csch[x]? \/(a—b+(a+b>Cosh[2x])Csch[x]2
o of=="

J

EllipticPi , ArcSin| |, 1] sinh[x]* / (2 (a+b) /1+Cosh[2x] \/afb+ (a+b) Cosh[2x]
a+b ﬁ
a-b+acCosh[2x] +bCosh[2Xx] 2bSinh[2x] -3aSinh[2x] +bSinh[2Xx]

Csch[2x]

b b

(a-b+ (a+b) Cosh[2x]) Csch[x]?
b

], 1] Sinh[x}4/(4a\/1+Cosh[2x] \/afb+(a+b) Cosh[2x]

+

1+ Cosh[2x]

+

3 <a+b)2 (a-b+aCosh[2x] +bCosh[2x1)2

3a (a+b)2 (a-b+acCosh[2x] +bCosh[2x])




96 | 6.3 Hyperbolic tangent.nb

Problem 251: Result more than twice size of optimal antiderivative.

J Tanh [x] dx
(

a+bTanh[x]2)>?

Optimal (type 3, 70leaves, 6 steps):

a+b Tanh[x]?
ArcTanh [ — ] 1 1

<a+b)5/2 3 (a+b) (a+bTanh[x]2)3/2 (a+b)2 a+bTanh[x]?2

Result (type 3, 359 leaves):

4 4 b? 10b

3 (a+b)3 3 (a+b)3 (a-b+aCosh[2x] +b(:osh[2x])2 3 (aer)3 (a-b+aCosh[2x] +bCosh[2x])

+

a-b+acCosh[2x] +bCosh[2X]
1+ Cosh[2x]

-b b) Cosh[2
(1+Cosh[x])\/(1+COSh[2X] \/a + (a+b) Cosh[2x]

1+ Cosh[x])? 1+ Cosh[2x]

X52

Log[—1+Tanh[§]2]—Log[a+b+aTanh[§]2+bTanh[§]2+x/a+b \/4bTanh[§}2+a(1+Tanh[§]2)2] (—1+Tanh[§}2J (1+Tanh[2})

4bTanh[ ]2+a (1+Tanh[ﬂ2)2

X
2

/[(a*b)wwab*(a*w Cosh[2x] J(“Tanh[x}z]z Jﬁthanh[X]ia[1+Tanh[x}2)2}

(—1+Tanh[§]2)2 2 2

Problem 253: Result more than twice size of optimal antiderivative.

j Coth[x] dx
<

a+bTanh[x]2?)>?

Optimal (type 3, 108 leaves, 9 steps):

+b Tanh[x]? +b Tanh[x]?
_Ar‘cTanh[ a vaai =] ) ArcTanh [ -2 ::'b ] ) b ) b (2a+b)
a®/? <a+b)5/2 3a(a+b) (aerTanh[x]2)3/2 32 (a+b)2 a+bTanh[x]2

Result (type 3, 966 leaves):
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a-b+acCosh[2x] +bCosh[2X]
1+ Cosh[2x]

b(7a+3b) 4p3 2b2 (8a+3b)

+ + +

3a2 (a+b)®> 3a(a+b)’(a-b+aCosh[2x] +bCosh(2x])?> 3a%(a+b)?(a-b+aCosh[2x]+bCosh[2x])

1
2 a2 (a+b)2

1+ Cosh[2x] \/a—b+(a+b)Cosh[2x]

1+ Cosh[2x]

(3a®+8ab+4b?) (1+Cosh[x])
(1+Cosh[x1)2

(Log[Tanh[X]z] +Log[a+2b+aTanh[X]2+\/?J4bTanh[X}2+a (1+Tanh[i]2)2 ] +
2 2 2 2

Log[a+aTanh[X]2+2bTanh[X}2+\E\/4bTanh[X}z+a[1+Tanh[x]2)2}
2 2 2 2

(—1+Tanh[§}2] (1+Tanh[§]2)

X
2

4bTanh| ]2+a(1+Tanh[§]2)2 /

4+a \[a-b+ (a+b) Cosh[2x] \/(1+Tanh[f]2)2\/4bTanh[§]2+a(1+Tanh[i]2)2]+

2 2 2 2

(—1+Tanh[§]2)

1 a-b+ (a+b) Cosh[2x]

1+ Cosh[2X]

4Cosh[x]2\/—2b+a (1+Cosh[2x]) +b (1+Cosh[2x])

3a%2+/1+Cosh[2x] J
\/a—b+ (a+b) Cosh[2x]

v/a /1+Cosh[2x]

ArcTanh |
b (-1+Cosh[2x])+a (1+Cosh[2X]) 1
Coth[x] |- l ° e ° X + Log[a\/1+Cosh[2x] +bA/1+Cosh[2x] ++a+b

\/? a+b

\/b(—1+Cosh[2x])+a(1+Cosh[2x})} Sinh[2 x] /(3 (1+Cosh[2x])2\/a—b+(a+b) Cosh[2 x]

—Log[Tanh[i]z] +Log[a+2b+aTanh[i]2+\/?\/4bTanh[£}2+a (1+Tanh[£]2)2 |+
2 2 2 2

1+ Cosh[2x]
(1+Cosh(x]) | —————
(1+cCosh[x])?
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Log[a+aTanh[§]2+2bTanh[§}2+\/a_\/4bTanh[§]2+a [1+Tanh[§]2)2 }] [—1+Tanh[i}2] (1+Tanh[§]2)

4bTanh[§]2+a (1+Tanh[§]2)2

(71+Tanh[ ]2>2 /

X
2

4+/a /1+Cosh[2x] \/(1+Tanh{§]2)2\/4bTanh[§}2+a(1+Tanh{§]z)z]

Problem 254: Result unnecessarily involves higher level functions.

J Coth[x]? dx
(a+bTanh[x]2)>?

Optimal (type 3, 131 leaves, 7 steps):
Ar‘cTanh[ +/a+b Tanh[x ]

a+b Tanh (x] b Coth[x] b (7a+4b) Coth[x] (3a+2b) (a+4b) Coth[x] +/a+bTanh[x]2
+ + -
(a+b)®? 3a(a+b) (a+bTanh(x]2)*? 5, (a+b)?+/a+bTanh(x)? 3a% (a+b)?

Result (type 4, 246 leaves):
1

34/2 a3 (aer)3

(a-b+ (a+b) Cosh[2x]) Csch[x]?
b

\/ (a-b+ (a+b) Cosh[2x]) Sech[x]? ||3+/2 a®Coth(x] |(a+b) EllipticF [ArcSin| |, 1] -aEllipticPi]

V2
(a-b+ (a+b) Cosh[2x]) Csch[x]?
b -b b) Cosh[2 Csch[x]?2
» ArcSin| 1, 1] / b\/ (a-b+ (a+b) Cosh[2x]) Csch[x] i
a+b \/7 b

((a+b) (3 (a+b)? (a-b+ (a+b) Cosh[2x])?Coth(x] +2ab’Sinh[2x] +b? (9a+5b) (a-b+ (a+b) Cosh[2x]) Sinh[2x]]] /

(a-b+ (a+b) Cosh[2x])?



Problem 259: Result more than twice size of optimal antiderivative.
JTanh [x] (a+bTanh[x]*) 32 9x
Optimal (type 3, 124 leaves, 9steps):

\/b Tanh[x]2

a+bTanh[x]*

—l\/F (3a+2b) ArcTanh [
4

|+

2
l(aer)yzAr'cTanh[ a+bTanh [X] ] -=(2(a+b) +bTanh[x]?) aerTanh[x}“71(a+bTanh[x]4)3/2

2 Va+b +/a+bTanh[x]* 6
Result (type 3, 62021 leaves) : Display of huge result suppressed!

FNQ

Problem 260: Result more than twice size of optimal antiderivative.

JTanh [x] \/a+bTanh[x]* dx

Optimal (type 3, 89leaves, 8 steps):

1 b Tanh[x]? 1 a+bTanh[x]? 1
- =/b ArcTanh| Vb [x] | + =+a+b ArcTanh| - [X] | - =+/a+bTanh[x]*
2 a+bTanh[x]* 2 va+b +/a+bTanh[x]* 2

Result (type 3, 31650 leaves): Display of huge result suppressed!

Problem 261: Unable to integrate problem.
J Tanh [x] dx
a+bTanh[x]*

Optimal (type 3, 40leaves, 4 steps):

2
ArcTanh [ a+b Tanh [x]

+/a+b ~/a+bTanh[x]*
2+a+b

Result (type 8, 17 leaves):

J Tanh [x]
dx
a+bTanh[x]*
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Problem 262: Result more than twice size of optimal antiderivative.

J Tanh [x] dx
(

a+bTanh[x]*%)*?

Optimal (type 3, 74 leaves, 6 steps):

ArcTanh [ a+b Tanh[x]2 ]
\a+b +/a+bTanh[x]* a-bTanh[x]?
3/2
2 (a+b) 2a (a+b)+/a+bTanh[x]*

Result (type 3, 33271 leaves): Display of huge result suppressed!

Problem 263: Result more than twice size of optimal antiderivative.
J Tanh [x] dx
(a+bTanh[x]*) >/2

Optimal (type 3, 118 leaves, 7 steps):

2
ArcTanh [ a+b Tanh[x]

Varb \JasbTanh(x)* a-bTanh[x]? ) 3a-b (5a+2b) Tanh[x]?
2 (a+b)*? 6a(a+b) (a+bTanh(x]*)*? 6a% (a+b)?+/a+bTanh[x]*

Result (type 3, 41215 leaves): Display of huge result suppressed!
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Summary of Integration Test Results

587 integration problems

A - 444 optimal antiderivatives

B - 67 more than twice size of optimal antiderivatives
C - 46 unnecessarily complex antiderivatives

D - 22 unable to integrate problems

E - 8 integration timeouts



